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INTRODUCTION
The fundamental principle underlying seismic data inversion is the 
determination of an Earth model that is fully consistent with measured 
data. That is, given data U measured over some part of the Earth’s 
surface, inversion determines an Earth model whose synthetic seismic 
response is as close as possible to the measured data. Ultimately the 
inversion provides subsurface properties and attributes endemic to 
successful exploration. We consider this principle to be primal.

Full waveform inversion (FWI) (Lailly, 1983; Tarantola, 1984; Gerszten-
korn et al., 1986; Mora, 1987, 1988; Crase et al., 1990; Stoffa and Sen, 
1991; Sen and Stoffa, 1991a,b; Chunduru et al., 1997; Pratt, 1999; Pratt 
and Shipp, 1999; Shin et al., 2007; Bednar et al., 2007; Pyun et al., 2007; 
Shin and Cha, 2008; Jin et al., 2008; Sena et al., 2009) is an iterative 
scheme designed to minimize a quantitative difference between 
measured, for which the underlying mathematical model is not known, 
and synthetic data, for which a model is known. If successful this 
approach provides a model that is completely consistent with the 
observed or measured data. In our opinion it is appealing because it is 
a straight forward iterative process structured to produce an Earth 
model of exploration significance.

ABSTRACT
Full waveform and inverse scattering are competing approaches to 
the inversion of seismic data. The former seeks to iteratively 
minimize an objective function defined as a residual between 
synthetic and real data. In theory it automatically produces an 
Earth model consistent with the recorded seismic as well as corre-
sponding synthetic data over the estimated model. The latter 
exploits the inverse scattering series to successively eliminate all 
but primary only reflections in order to produce a velocity indepen-
dent subsurface image in depth. Thus, inverse scattering inversion 
generates three (or more) additional data sets, each of which has 
the potential to be used as the basis for a full waveform inversion. 
Inverse scattering inversion does not necessarily produce synthetic 
data nor, in general, an Earth model. The two approaches appear 
to be sufficiently different theoretically to suggest that they are 
completely independent and without common ground. However, 
the fact that inverse scattering inversion produces additional easily 
characterized data suggests an immediate avenue for coherent 
combination of the two methodologies. In this short note we focus 
on gaining insight as to where these two methods have common-
ality and how these commonalities may be exploited to enhance 
and optimize the inversion of seismic data.
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Inverse scattering inversion (ISI) (Ware and Aki, 1969; Weglein et al., 
1981; Ikelle et al., 1995; Weglein et al., 2003, 2006; Symes, 2010) is a 
step-by-step method in which parts of the original recorded two-way 
wavefield are eliminated until the remaining data contains only 
primary reflections. The inverse scattering series specifying this final 
data set is then processed to produce a subsurface depth image 
without knowledge of the underlying Earth model (Weglein et al., 
2012). A wonderful goal to be sure, but estimation of the appropriate 
Earth model parameters are then left to other means. Thus, instead of 
one simple straight forward process, ISI is a combination of a variety 
of somewhat complicated steps. Each of these steps may be heavily 
dependent on optimization methods and can be computationally 
intensive. We note that the concept of deferring parameter estimation 
until after imaging is not new. Forel and Gardner (1988) proposed 
exactly this in the mid-to-late 1980’s. Yes, it was constant velocity but 
the concept is the same.

Experience has shown that FWI and ISI suffer from very similar data 
driven constraints. Mathematically, they both demand finely sampled 
data with full source-receiver reciprocity. They are both sensitive to the 
lack of low frequency response. At some point in their application they 
both require some form of statistical estimation that may or may not 
produce optimum results. In our opinion, neither has reached a 
pinnacle of success.

In summary we are at a point with two inversion schemes at our 
disposal. One, FWI, is very classical in that it estimates a subsurface 
Earth model by minimizing the norm of a residual to find an Earth 
model whose synthetic data match the measured data. The other, ISI, 
surgically separates various coherent wavefields from the recorded data 
to produce an image without necessarily producing or even requiring a 
suitable Earth model. Along the way it produces at least three 
wavefields that may be useful as input to the full waveform approach.

NOTATION
To avoid excessive mathematical notation we will take the point of view 
that the seismic experiment is completely defined by two operators L 
and G. Here, L is a partial differential operator that defines the Earth 
model, and G is its inverse or associated Green’s function. That being 
the case we can write
                                        LG = I                                                 (1)

where I is the identity operator.

For any given source, Φ, U = G(Φ) is the shot due to Φ. We generally 
think of U as having been recorded on the surface but in fact the 
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wavefield generated by Φ also propagates in the subsurface. Current 
computational capabilities make it possible to synthesize data every-
where on and within the estimated Earth model. In this context it is 
clear that L(U) = Φ. In the sense that it eliminates all of U except the 
source(s), L is a wavefield annihilator of U. In the modern digital 
context, we think of both L and G as matrices or discrete operators. 
The mathematics in this digital domain is linear algebra. We make no 
mathematical distinction between U or Φ. They are simply well 
behaved highly differential scalar or vector valued functions on the 
same domain. However, because G generates data, and L produces 
sources, it is convenient to think of the first in data terms and the 
second in terms of sources.

FULL WAVEFORM INVERSION
Full waveform inversion is formulated as an optimization problem 
where the objective function

               J [ G (Φ), G0(Φ)]                  (2)

is minimized. Here U = G(Φ) represents recorded data for an unknown 
L and source Φ and  U0 = G0(Φ) represents synthetic data for a known 
Green’s function. The determination of an accurate version of Φ is 
critical for FWI to be successful. Long offsets and low frequencies are 
also extremely important. Given those three quantities alone, it is safe 
to say that acoustic FWI can be an effective tool in virtually every 
setting. Unfortunately such settings appear to be few and far between. 
It may or may not be worth noting, that if the source, Φ, instead of U 
were known, FWI could be formulated as a source optimization 
problem for an objective function of the form J[L(U),L0(U)].

In the current research literature, (Symes, 2010) the function J takes 
many forms. Most frequently J is the L2 norm (Pratt, 1999; Pratt and 
Shipp, 1999) , but it can also be an L1 norm, the norm of a phase differ-
ence , a logarithmic difference , an amplitude difference, (Shin et al., 
2007; Bednar et al., 2007; Pyun et al., 2007) the norm of a difference of 
analytic functions, or the norm of envelope differences. It has been 
specified in space-time, frequency, and in the Laplace domain (Shin 
and Cha, 2008). Earth models in FWI are represented by a discrete set 
p = {pn} of parameters consistent with what is believed to be the true 
subsurface and in this case, the FWI updating scheme is expressed as

𝒑𝒑! =   𝒑𝒑!!! −   𝐻𝐻𝒑𝒑!!!
!! ∇𝒑𝒑!!!𝐽𝐽𝐽𝐽	                                    (3) 

Where ∇!!!!𝐽𝐽	   is the gradient of J, J,	  𝐻𝐻!!!!
!! 	   is the Hessian, and R is some 

form of difference based on U and U0. In general, 𝐻𝐻!!!!
!! ∇!!!!𝐽𝐽𝐽𝐽	   is a 

migration using a very special imaging condition. When the data 
contain only primaries, this migration can be performed solely in terms 
of downward and upward propagation. Digitally, the updating scheme 
can also be expressed abstractly in discrete operator or matrix form as 

 𝑳𝑳!! =   𝑳𝑳!!!! + 𝑲𝑲!!!𝑊𝑊(𝑮𝑮 −   𝑮𝑮!!!!)	                       (4)

where W (Shin et al., 2007) produces the appropriate form of the 
residual, and Kn–1 is the operator used to convert the residual 

	  𝑮𝑮 −   𝑮𝑮𝟎𝟎𝒏𝒏!𝟏𝟏	  to a suitable Earth model update. 

In theory, 	  𝑳𝑳!!!!	   converges to L uniformly, and accurately, but not 
necessarily quickly. There is no reason for the process to converge to 
the correct solution, or even to converge at all. The iterative method-
ology can become stranded in a local minima and never converge to 
anything remotely close to the actual Earth model. It can also alternate 
between a variety of models, none of which are close to the correct 
answer. Both L0 and L are operators on distributions (δ(x)) and conse-
quently convergence may also be sensitive to the source term, Φ, 
responsible for generating the data U. From our perspective, FWI is 
relatively simple to grasp but not so easy to fully understand, imple-
ment, or apply.

INVERSE SCATTERING INVERSION
One of the very early articles on inverse scattering is that of (Ware 
and Aki, 1969), wherein the fundamental concepts are presented in 
one-dimension. (Weglein et al., 2003) present a more succinct and 
complete multi-dimensional discussion. Interested readers are 
referred to this latter article for more precise explanations of  
subsequent discussions.

The Lippmann-Schwinger Equation

ISI begins with the Lippmann-Schwinger Equation. For our purposes, 
this identity reads

  L =   𝑳𝑳!(𝑰𝑰 − 𝑮𝑮 −   𝑮𝑮! 𝑳𝑳!)!!	          (5)

or 
𝑮𝑮 =   𝑮𝑮!(𝑰𝑰 − 𝑳𝑳 −   𝑳𝑳! 𝑮𝑮!)!!	                                        (6)

Note that there is nothing overly complex or special about Lippmann-
Schwinger. The operators can be fairly arbitrary and have almost 
nothing in common. They simply must be invertible, have appropriate 
dimensions, and exactly the same domain and range. A very early 
attempt to exploit equations of this form appears in Riley and Claer-
bout (1976). However, there the expression of interest is

!
!!!"

= 𝑟𝑟(1 + 𝑟𝑟!𝑧𝑧!!!!
!!! )                    (7) 

The Lippmann-Schwinger equations (5) and (6) provide series  
expressions for the unknown L in terms of residual data determined by 
G – G0

𝑳𝑳   = 𝑳𝑳𝟎𝟎(𝐈𝐈 +    (𝑮𝑮 −   𝑮𝑮!)!𝑳𝑳!!)!!!
!!!                     (8)

or residual sources determined by L – L0

𝑮𝑮   = 𝑮𝑮𝟎𝟎(𝐈𝐈 +    (𝑳𝑳 −   𝑳𝑳!)!𝑮𝑮!!)!!!
!!!   

 
                  (9)

Note that these will converge uniformly only if ||(G – G0) ||<||L0||-1 and 
||(L – L0) ||<||G0||-1. Since the domain of all of the operators involved is 
a distributional space there isn’t any reason for these norms to be 
finite. Convergence can be discussed only in terms of what happens 
for any given source. While its safe to assume that convergence occurs 
for each and every source term, it is reasonable to expect that the rate 
of convergences will be highly dependent on it.
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Inverse Scattering Series
Given the forward series, the inverse series’, read

𝑳𝑳   −   𝑳𝑳𝟎𝟎 = 𝑳𝑳𝟎𝟎(𝑮𝑮 −   𝑮𝑮!)𝑳𝑳𝟎𝟎 +   𝑳𝑳𝟎𝟎 (𝑮𝑮 −   𝑮𝑮!)!𝑳𝑳!!!!!
!!!    (10)

and

 𝑮𝑮   −   𝑮𝑮𝟎𝟎 = 𝑮𝑮𝟎𝟎(𝑳𝑳 −   𝑳𝑳!)𝑮𝑮𝟎𝟎 +   𝑮𝑮𝟎𝟎 (𝑳𝑳 −   𝑳𝑳!)!𝑮𝑮!!!!!
!!!   

 
 (11)

The term in the right hand side of equation (10) shows that L – L0 is a 
series in powers of data residuals while (11) provides a similar formula-
tion in source terms. This dependence on terms determined by data 
orders is the foundation for elimination of both free surface and 
internal multiples. Once again, we see a strong dependence on resid-
uals. In (10) the difference is between recorded and synthetic data. In 
(11) it is between true and estimated sources. Since the seismic source 
is usually unknown, (11) is not likely to be considered part of any formal 
estimation scheme. However, there may be a significant advantage to 
using FWI and (10) to efficiently produce an estimated of L0.

Multiple Elimination

The first step in ISI eliminates the effect of the free-surface from the 
measured data. This is accomplished by expressing  𝑮𝑮𝟎𝟎 = 𝑮𝑮!

! +   𝑮𝑮!!  as 
a sum of a Green’s function,  𝑮𝑮𝟎𝟎 = 𝑮𝑮!

! +   𝑮𝑮!! responsible for the wavefield due to 
the free-surface and a Green’s function,  𝑮𝑮𝟎𝟎 = 𝑮𝑮!

! +   𝑮𝑮!! , responsible for the direct 
propagating wavefield. One then computes

 𝑈𝑈!" = (𝑮𝑮 −   𝑮𝑮!
! −   𝑮𝑮!!)(𝜙𝜙)                 (12)

For absolute accuracy, this appears to require knowledge of the source 
that generated the measured data, but in practice it eliminates the first 
arrivals and all ghosts. In many cases, first arrivals can be handled by 
muting but removing ghosts is a more complex issue (Mayhan and 
Weglein, 2013; Amundsen et al., 2013). The degree to which ghost 
elimination is possible in practice is not completely clear, but if 
successful it can enhance the very important low frequency response 
and result in more accurate multiple elimination. Once these steps are 
completed the basic inverse scattering series in (10) is exploited to 
predict successive multiple orders

 𝑈𝑈!! =   𝑈𝑈!!!!⨀𝑈𝑈!"  (13)

where  𝑈𝑈!! =   𝑈𝑈!" and  ⨀ is a generalized convolutional style opera-
tion. For 𝑖𝑖 ≥ 1	  ,  𝑈𝑈!! =   𝑈𝑈!!!!⨀𝑈𝑈!"  is the ith order multiple data set. We will collectively 
refer to { 𝑈𝑈!! =   𝑈𝑈!!!!⨀𝑈𝑈!" } as the first of the three ISI data sets. Multiple elimination 
then reads

𝑈𝑈!" = 𝑈𝑈!" −    𝜙𝜙!!𝑈𝑈!!!!!
!!!     (14)

where Φ is the true source wavelet. This is the second data set in the ISI 
sequence. Since one generally does not know Φ, it must be determined 
from the given data and predicted multiples. The approaches in the 
literature, (Ikelle et al., 1997; Fomel, 2008; Ventosa et al., 2012; Wu and 
Hung, 2013) vary considerably but in general are based on minimizing 
an objective function of some form. The multiple suppression’s shown 
in subsequent illustrations are based on the minimization of 

 𝐽𝐽 =    𝑈𝑈!" −    𝜙𝜙!!!𝑈𝑈!!!!!
!!!    (15)

with respect to fn for some fixed order N. In practice, N is usually one. 

The authors believe using N = 1 is always a mistake. In our experiences 
a much better choice in most cases has N   >–            

 

3, but values in excess of 8 
have also proven successful. While equation (15) assumes that each Φn 
is independent of the other, one hopes that Φn = Φn. In that case one 
should have a realistic estimate of Φ. Finding Φ in this manner changes 
what here-to-fore is considered non-statistical into a statistical energy 
reduction method for removing multiples. There is, of course, the 
possibility that this indirect method will not succeed. The assumption 
that the best wavelet occurs when output energy is reduced may not 
be valid. Other not clearly understood issues may also be a factor. 
Figure 1 demonstrates this quite nicely. Parts (a) and (b) show that 
multiple suppression via wavelet estimation can work quite well. 

Figure 1: Part (a) is a slice though a raw shot record prior to surface related 
multiple elimination (SRME). Part (b) shows the same slice after SRME. While not 
perfect, multiple suppression is quite good. Part (c) is a slice from the same data 
set at a different location prior to SRME. Part (b) is the same slice after SRME. In 
this case the suppression is poor.
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Multiple energy has been significantly reduced. In contrast Parts (c) 
and (d) indicate that the process may not succeed as well as desired. 
The reason for the failure is not completely clear. It may be solely due 
to the fact that only 3 multiple orders were predicted. The cause may 
be due to the fact that at this location there is evidence of the 
presence of a strong internal multiple generator caused by a relatively 
strong shear response that results in a compressional internal multiple 
generated by the conversion of a shear to a compressional event.

Internal Multiple Elimination

Internal multiple elimination (IME) is the second step in the ISI method-
ology. Full mathematical explanation of this process is beyond the 
limits of this note but in brief the process includes identifying those 
terms in the inverse scattering series responsible for generation of 
internal multiples summing them up and then subtracting the sum from 

Udm. Parts (a), (b), and (c) of Figure 2 illustrate three non-internal 
multiple travel paths, while part (d) shows a single path with three 
reflections. Elimination of part (d) of Figure 2 requires integration 
around closed neighborhoods of the points z1, z2, and z3. For this 
reason the arrival times and amplitudes of the internal multiple arrivals 
are not exact. Thus, internal multiple elimination is not an exact or 
direct process. Moreover, the computational aspects of IME are 
significant.

Assuming that internal multiple suppression is successful the resulting 
data set, Uim, the third in the elimination sequence, consists of primary 
only reflections. For these data, energy traveled down to a reflector and 
then back up to a receiver without any up-down traverses in between. 
One can have turning waves and/or refractions but not multiples. In 
theory one can synthesize data of this nature by using a one-way 
downward propagator followed by a one-way upward propagator. 
Moreover, this can be done very efficiently in the frequency domain 
suggesting the potential for very fast inversion schemes when only 
primary reflections are present in the data.

The final depth image

The final ISI step in the inversion processes produces an image 
(Weglein et al., 2006, 2012) by again summing the remaining series 
using the free-surface and internal multiple suppressed data. We have 
made no attempt to perform this final step and have no further 
comments regarding it.

CONJECTURES
We conjecture that each of the three data sets produced within the ISI 
methodology can be used independently or in conjunction with 
another in order to extract useful information from the original data. 
Predicted multiples can be imaged independently or together to 
improve migrated image quality. The initial de-multipled data Udm can 
be used within a FWI scheme wherein G0(Φ) is generated using an 
Earth model without a free surface. The data Uim without any internal 
multiple bounces could be used to develop a one-way method for full 
waveform inversion. The advantage of this approach is speed. We call 
each of these processes FWI because each begins with recorded full 
waveform data to produce synthetic data consistent with the original 
recorded data. Because it is quite easy to test we will focus on 
inverting Udm.

INVERSION OF DEMULTIPLED DATA
Figure 3(a) shows a full waveform inversion of synthetic data generated 
over the SEG (O’Brien and Gray, 1997) model without a free surface 
using a 18HZ Ricker wavelet. To assure that the process converged, 

Figure 3: Inverted model (a) after 145 iterations of FWI compared to the 
initial almost v(z) model. Inversion in this case performed on data acquired 
without a free surface but with internal multiples. Total computation time was 
approximately 45 minutes.

Figure 2: Primary versus multiple internal reflections. Only par (d) can be classified 
as an internal multiple.

(b) Initial Model

(a) Final Model
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each shot’s receivers were extended over the entire model. Figure 3(b) 
shows the initial almost v(z) model used to initiate the iterative process. 
When compared to the original model this result is almost perfect. 

The BP2004 (Billette and Brandsberg-Dahl, 2005) model and data 
provide a more realistic test. Inversion of this data set is not straight-
forward. The chief problem arises from the fact that the density 
change at the water bottom is rather large. This causes FWI to have 
serious convergence problems, resulting in an excessively large 
number of iterations. Rather than including it in FWI, a density change 
at the water bottom was estimated and held fixed through out the 
iterative process. To eliminate the need to directly estimate the 
wavelet, a spectrum was estimated from the original BP free-surface 
data. This spectrum was used to filter a Ricker wavelet to achieve 
something close to the spectrum of the original unknown wavelet. 
Using an acquisition design identical to that of the original, a known-
wavelet data set over the BP 2004 salt model was acquired. To reduce 
edge effects shots were also acquired outside the original boundary. 
For such shots the velocity model and fixed density were simply 
projected where necessary. Multiple elimination as described above 
was applied and FWI was applied to the resulting data. The results are 
summarized in Figure 4. Part (a) of this figure shows the initial or 
starting model. The discrete operator defined by this model is 𝑳𝑳!!  for 
FWI. This model was obtained by clipping the salt velocities to a 
regional sedimentary level and then smoothing the result. Part (b) of 
Figure 4 is the fixed density model used for every iteration of FWI. Part 

(c) is the final or 176th iteration and Part (d) shows the exact BP2004 
model. The inverted model in Figure 4 is not perfect but it is extremely 
close to the exact result. We note that it is possible to achieve similar 
results using the free-surface data but the number of iterations 
required to get close to the result shown in Figure 4 is excessive for our 
code. In this case the 176 iterations can be completed in under an hour 
on a single GPU.

CONCLUSIONS
We have demonstrated that FWI can be applied efficiently after 
inverse scattering series based multiple suppression. We believe this 
to be due to the fact that deghosting and multiple elimination improve 
the low frequency content of the original input data. For the examples 
here the big difference between applying FWI before or after multiple 
elimination is the number of iterations it takes to achieve similar 
results. Before multiple suppression takes more, after takes less.

We further conjecture that FWI can also be useful after all internal 
multiples have been removed. However, at this point we have been 
unable to achieve a sufficiently accurate internal multiple free data set 
to fully test this conjecture. What is clear is that internal multiple 
suppression does not suppress the peg-legs as accurately as neces-
sary. Internal multiple suppression cannot fully eliminate these 
peg-legs without inducing amplitude errors into the data by not fully 
suppressing the multiples.

(a) Initial Model                     (b) Fixed Density

(c) Final Inversion                            (d) Exact Model

Figure 4: Full waveform inversion of multiple free data from the BP2004 salt model. Part(a) shows the initial or 
starting model. Part (b) is a an estimated density model held fixed throughout the iterative process. Part (c) is the 
_nal iteration (176th) and (d) is the exact BP2004 model.
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