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ABSTRACT
The nearly perfectly matched layer (NPML) method has
been successfully applied to electromagnetic and elastodynamic wave equations including elastic isotropic and
anisotropic media types to absorb spurious arrivals
reflected from introduced boundaries in a number of
numerical solution methods. It has been shown to be
extremely satisfactory for this purpose. In this paper, a
first-order velocity-stress-pressure system with NPML
is obtained from Biot’s equations. A staggered-grid
finite-difference method with fourth-order accuracy in
space and second-order accuracy in time is developed
to simulate seismic wave propagation in a 2D fluidsaturated poroelastic media. The absorbing performance of NPML is investigated by wavefield snapshots,
waveform and energy decay measurements in numerical experiments. The numerical results demonstrate
that NPML suppresses the spurious reflections in a
highly effective manner.

Introduction
Elastic wave propagation in fluid-saturated poroelastic media is
of great interest in exploration geophysics and seismology in
particular. Numerical methods are employed to assist in the
better understanding and interpretation of observed seismic
characteristics (Carcione, 1996). Examples of numerical
methods include the finite-difference (Zhu and McMechan,
1991), finite element (Panneton and Atalla, 1997), spectral
element (Morency and Tromp, 2008) and pseudospectral
methods (Özdenvar and McMechan, 1997). In this paper, poroelastic wave equations based on Biot’s theory (Biot, 1962) are
reformulated into a first-order hyperbolic system which
includes the solid velocity component, the fluid relative to solid
velocity component, the solid stress component, and the fluid
pressure. The finite difference method is a possibly the best
choice due to its comparative simplicity. Here, the finite difference method with fourth-order accuracy in space and secondorder accuracy in time is developed in a staggered-grid to
simulate wave propagation in poroelastic media (Virieux, 1986;
Levander, 1988; Graves, 1996).
The simulation of seismic wave propagation in unbounded
media requires that absorbing boundary conditions are incorporated to minimize outgoing seismic waves at the edges of the
numerical model. Such situations include sponge boundary
conditions (Cerjan et al., 1985; Kosloff and Kosloff, 1986) and
paraxial conditions (Clayton and Engquist, 1977; Reynolds,

1978). However, these absorbing boundary conditions only
exhibit good behavior for small incident angles. Bérenger (1994)
proposed the perfectly matched layer (PML) as an absorbing
layer boundary condition for electromagnetic equations. This
method has become widely used in a variety of wave equation
problems (Collino and Tsogka, 2001; Zeng and Liu, 2001). In
addition, several modified PMLs were introduced, such as
convolutional perfectly matched layer (CPML) (Roden and
Gedney, 2000; Martin et al., 2008), standard complex stretched
perfectly matched layer (Chew and Weedon, 1994) and nearly
perfectly matched layer (NPML) (Cummer, 2003). Compared to
other PMLs, NPML has the features of implementation
simplicity and computational efficiency (Bérenger, 2004).
NPML has been further applied to acoustic and elastic wave
equations (Hu et al., 2007; Chen and Zhao, 2011).
This paper is the extension of the NPML study by Chen (2011). In
the first section, Biot’s equations are reformulated into a firstorder hyperbolic system in velocity-stress-pressure form. The
new equations with NPML are subsequently presented through
transformations between the time and the frequency domains.
The staggered-grid finite-difference method is implemented to
simulate seismic wave propagation. To check the absorbing
performance of NPML, numerical experiments are carried out in
the second section. The numerical results show NPML can be a
valuable absorbing layer boundary condition for the suppression
of the artificial reflections from the truncated boundaries.

Governing Equations
The theory of seismic wave propagation in a poroelastic
medium is described by Biot’s theory (Biot, 1962) which takes
into consideration the energy dissipation due to the relative
motion between pore fluid and the solid matrix. Both the fast
and slow P–wave modes are included in what follows. In a
poroelastic medium, which is fluid saturated, macroscopically
isotropic and locally homogeneous, Biot’s equations in a
Cartesian spatial system have the form

ρ ∂tt ui + ρ f ∂tt wi
= ( λ c + µ ) ∂ j ( ∂ k uk ) + µ ∂ jj ui + α M ∂ j ( ∂k wk )

(1)

ρ∂t ui + ρ f ∂t wi
= (λc + µ)∂ j(∂k uk )+ µ ∂j ui +α M ∂j(∂k wk )

ρ f ∂tt ui + m ∂tt wi + b ∂t wi
= α M ∂ j ( ∂k uk ) + µ ∂ jj ui + M ∂ j ( ∂ k wk )

(2)

ρ f ∂t ui + m∂t wi + b∂t wi
= α M ∂j(∂k uk ) + µ ∂ j ui + M ∂j(∂k wk )

where u is the displacement vector for the solid, w the displacement vector for the fluid relative to that for the solid, r is the
macroscopic density of the fluid saturated medium determined
by r = f r f +(1– f ) r s , r f and r s being the densities of the fluid
and solid, f the porosity, l c the Lamé’s parameter for the saturated matrix, m the Lamé’s shear modulus parameter for the dry
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porous matrix, T the tortuosity, a structural factor often taken to
be equal to (1/2)(1+1/f), m the effective fluid density defined as
m=T r f / f , η the viscosity of the fluid, k the permeability of the
porous medium, b the mobility of the fluid defined by b=η/ k .
The effective value of b is usually specified in the form,
b= f 2 η/ k . Ks and Kf are the bulk moduli (compressibilities) of
the solid and fluid, Kb the bulk modulus (compressibility) of the
dry porous matrix, a the poroelastic coefficient of effective
stress defined by a =1–K b /K s , M the coupling parameter
between the solid and the fluid given by M=[ f /K f +
( a – f )/K s ] –1 . One can notice that a poroviscoelastic problem is
actually considered because the inclusion of the term in b introduces attenuation into the above defined situation. However,
the less complex term poroelastic will be retained in this paper,
with attenuation implicit.
From the definition of the strain energy function in porous
media (Biot ,1962), the stress t and the pore fluid pressure P are
specified by

τ ij = 2 µeij + δ ij ( λc ekk + α M ∂k wk )

(3)

Implementation of NPML
The spatial coordinate stretching coefficients s1 and s2 are
expressed as sℓ =1+d ℓ /i w (ℓŒ{1,2}) along the x1 (lateral) and x2
(vertical) Cartesian directions (Cummer, 2003). The d l are the
PML decay factors in the respective directions, w is the angular
frequency and i 2 = –1. Following Collino and Tsogka (2001) and
Komatitsch and Martin (2007), the PML decay factors are
expressed as dℓ = d 0 (xℓ /L) N (ℓŒ{1,2}) where L is the width of
the absorbing layers (Figure 2) and d 0 is obtained from the theoretical reflection coefficient R c (Komatitsch and Martin, 2007)
and is given by d 0 =–(N+1)V m log(R c )/2L. Here, V m is the
maximum P-wave in the poroelastic media and N is an integer.
After applying a temporal Fourier transform to equations
(7)-(10), the following equation set results

P = −α M ∂ k ek − M ∂ k wk

and ∂ k uk = ∂i ui + ∂ j u j

(4)

.

(5)

ek =ei +ej and ∂kuk =∂iui +∂juj

The time derivatives of the displacement can now be written in
terms of the stress and pore fluid pressure as

( mρ − ρ ) ∂ u
2
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By introducing 12 auxiliary variables resulting in 12 extra
partial differential equations, the NPML equations (15)-(18) can
be rewritten as

∂tiτj=µ(∂jiv +∂ijv )+δλij( c∂kkv +αMV∂kk)

and

∂t P = −α M ∂ k vk − M ∂ k Vk

) (

iωτ ij = µ ∂ j vi sj +∂i v j si

(mρ−ρ )∂V=−ρ ∂τ +ρbV+ρ∂P

∂t τ ij = µ(∂ j vi + ∂i v j ) + δ ij (λ c ∂k vk + α M ∂ k Vk )

( (

iωτ ij = µ ∂ j vi s j + ∂i v j si

2
f t i j ij f i f i

( mρ − ρ ) ∂ V = − ρ

(16)

)

= − ρ f ∂ j τ ij s j + ρ bVi + ρ ∂i ( P si )

(7)
(8)

)

iω m ρ − ρ 2f Vi

(mρ−ρ )∂v =m∂τ +ρ bV+ρ ∂P

∂t P =−αM ∂kvk − M ∂kVk

(13)

iω mρ − ρ2f vi

These equations can be expressed as a set of first order partial
differential equations in the time domain by differentiating
equations (1)-(4) with respect to time resulting in

2
f

iωτ ij = µ (∂ j vi + ∂i v j ) + δ ij (λc ∂ k vk + α M ∂ k Vk )

(

i

(

(12)

iω mρ − ρ 2f vi

= m ∂ j τ ij + ρ f b ∂t wi + ρ f ∂i P

j ij f t i f i

f j ij

)

For simplicity, and as ambiguity is unlikely, no indication is
given in the equation sets whether the time and frequency
domain is being considered. Through coordinate stretching in
the frequency domain (Cummer, 2003), equations (11)-(14) take
the form

(mρ − ρ )∂ w =−ρ ∂ τ + ρb∂ w + ρ ∂ P
2
f t i

(

and

( mρ − ρ ) ∂ u = m ∂ τ + ρ b ∂ w + ρ ∂ P
2
f ti

iω m ρ − ρ 2f Vi = − ρ f ∂ j τ ij + ρbVi + ρ ∂i P
()

(6)
2
f

(11)

iωτij=∂µ( jiv +∂ijv )+δλij( c∂kkv +αMV∂kk)

where eij is the strain tensor [e ij = ( ∂ j u i + ∂ i u j )/2 ] and dij = 1 for
i = j and dij = 0 otherwise. For a two dimensional medium,
(x 1 ,x 2 ), the summation convention has

ekk = eii + e jj

)

iω mρ−ρ2f Vi =−ρf ∂jτij +ρbVi+ρ∂iP

τij = 2µeij +δij(λcek +αM ∂kwk)

P =−α M ∂kek − M ∂k wk

(

iω mρ − ρ 2f vi = m ∂ j τ ij + ρ f bVi + ρ f ∂i P
()

iω mρ−ρ2f vi = m∂jτij +ρfbVi +ρf ∂iP

(10)

where v j =∂ t u i and v i =∂ t w i . Equations (7)-(10) form a set of firstorder hyperbolic partial differential equations in time for v, V,
t, and P. To reiterate, v is the displacement velocity vector in the
solid and V the displacement velocity vector of the fluid relative
to that in the solid, t is the stress and P the pore fluid pressure.

iω (m ρ − ρ 2f )vi = m ∂ j τijj + ρ f bVi + ρ f ∂i P i

(19)

iω(mρρ− 2f)vi =m∂jτijj+ρfbVi+ρf ∂iPi

(

)

iω m ρ − ρ 2f Vi = − ρ f ∂ j τijj + ρbVi + ρ ∂i P i

(20)

iωτ ij = µ (∂ j vij + ∂i v ij ) + δ ij (λc ∂ k vkk + α M ∂ k Vkk )

(21)

()

iω mρ−ρ2f Vi =−ρf ∂jτijj +ρbVi+ρ∂iPi

iωτij =µ(∂jijv +∂ijiv )+δλij( c∂kkkv +αM∂kkkV )

and
iωP =−αM ∂kvkk − M ∂kVkk
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iω P = −α M ∂ k vkk − M ∂ k Vkk

. (22)
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The original state variables x ( x Œ{ t ,v,V,P}) are required to be
~
~
changed to the auxiliary variables x ℓ , where x ℓ = x s ℓ =
x /(1+d ℓ /i w ), ℓ Œ{1,2}.

subject to

After applying an inverse Fourier transform and returning to
the time domain, a set of partial differential equations are
obtained as

where

(mρρ− 2f)∂tvi =m∂jτijj+ρfbVi+ρf ∂iPi

( m ρ − ρ 2f ) ∂t vi = m ∂ j τijj + ρ f bVi + ρ f ∂i P i

(23)

( mρ − ρ ) ∂ V = − ρ

(24)

2
f

t

i

f

∂ j τijj + ρbVi + ρ ∂i P i

(mρ−ρ )∂V=−ρ ∂τ +ρbV+ρ∂P

2 j i
f t i f j ij i i

∂t τ ij = µ(∂ j vij + ∂i v ij ) + δ ij (λc ∂ k vkk + α M ∂k Vkk )

(25)

∂t P = −α M ∂k vkk − M ∂ k Vkk

(26)

∂tiτj =µ(∂jijv +∂ijiv )+δλij( c∂kkkv +αMV∂kkk )

∂tP =−αM ∂kvkk − M ∂kVkk

∂tξ + dξ =∂tξ

∂t ξ  + dξ  = ∂t ξ

(27)

{

ξ ∈{τ , v, V , P} and ξ ∈ τ, v, V , P
ξ ∈{τ, vV, , P}

}.

{ }

ξ ∈ τ, vV, , P

Equations (23)-(27) show that the reformulated wave equations
with NPML preserve the form of the original wave equations
(7)-(10). Equations (23)-(27) can be discretized by a staggeredgrid finite difference method (Virieux, 1986; Levander, 1988;
Graves, 1996). The positions of discrete stresses, fluid pressure
and velocity components are indicated in Figure 1.

Figure 1. 2D schematic for the staggered spatial finite difference

grid.

Figure 3. The snapshots (case 1) for the wave propagation at 120ms and
200ms. (a) and (b) represent x1 component of relative fluid velocity to solid
velocity by using CPML and NPML layers, respectively.

Figure 2. The 2D gas-saturated model with four PML layers. The black
cross indicates the source; the black-filled triangle indicates receiver; the
dashed lines represent PML layers.

Figure 4. The seismograms with recording length of 2ms. (a) and (b) represent x1 component of relative fluid velocity to solid velocity at receivers R1
and R2, respectively.
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placed at the grid points (270, 21) and (280, 280) which are close
to the PML layers. The purpose of using the two receivers is to
check if the NPML works well at grazing incidences and for long
distances of propagation.

Numerical Test
Case 1: High frequency source
A 2D gas-saturated sandstone model defined schematically in
Figure 2 is used in the numerical tests. All required physical
parameters of the poroelastic model used in Sheen et al. (2006)
are given in Table 1. The model is discretized on a 2D N x 1 ¥ N x 2
= 300¥300 spatial grid. A vertical pressure source with time
dependence specified by a Ricker wavelet with a predominant
frequency 45kHz is located at grid (100, 21). The spatial grid
spacing is 0.8mm and the time sampling interval is 0.2ms . The
width of PML layers is 10 grid points. The implementation of
staggered-grid finite-difference satisfies the Courant-FriedrichsLewy stability condition (Courant et al., 1928). Two receivers are

In the modeling test, a convolutional perfectly matched layer
(CPML) is implemented to check the absorbing ability of
NPML. As introduced in Komatitsch and Martin (2007), the
damping parameters, N=2, R c =0.001, a max =pf 0 and k x 1 =k x 2 =1
are used in the numerical implementation of the CPML method,
while N=2 and Rc = 0.001 were selected for implementation in
the NPML method, where f0 is predominant frequency of
source, k x 1 and k x 2 are real and ≥1. Figure 3 illustrates the wavefield snapshots for wave propagation at 120ms and 200ms, where
(a) and (b) represent the snapshots of the x 1 component of relative fluid velocity to solid velocity by using CPML and NPML
layers, respectively. The slow P-wave (Ps) can be observed
arriving after the fast P and S – wave phases (Pf and S). It is clear
that the NPML and CPML methods display similar absorbing
performances.
Figure 4 shows 2ms seismograms (10,000 time steps), where (a)
and (b) represent the relative fluid velocity to solid velocity at
receivers R 1 and R 2 , respectively. The agreement between

Figure 5. Decay of the total energy (case 1) in the domain without the PML
layers. The solid line indicates the energy computation with CPML, and
the dashed line denotes the energy computation with NPML.

Figure 7. The seismograms with record length of 2s . (a) and (b) represent
the x1 component of relative fluid velocity to solid velocity at receivers R1
and R2 , respectively.

Figure 6. The snapshots (case 2) for the wave propagation at 0.12s and
0.32s . (a) and (b) represent the x1 component of relative fluid velocity to
solid velocity by using CPML and NPML layers, respectively.

Figure 8. Decay of the total energy with the time 0 – 2s in the domain
without the PML layers.
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CPML (solid gray lines) and NPML (short dashed black lines) is
very good.
For further comparison, the decay of energy with time is also
studied. Figure 5 represents the time decay of total energy in the
main domain without PML layers which is introduced by
Martin et al. (2008). Theoretically, no energy is remained in the
model after 0.58ms because waves have left the main domain.
All the energy that remains is considered spurious energy. One
can observe that the total energy computed with NPML
decreases gradually, whereas the total energy computed with
CPML shows oscillatory behavior. Additionally, one can notice
that the total energy computed with NPML decreases faster
than that of CPML.

Case 2: Low frequency source
In case 2, the predominant frequency of source, spatial grid
spacing and time sampling interval are changed to 45Hz, 2m and
0.2ms. Figure 6 illustrates the wavefield snapshots for the wave
propagation at 0.12s and 0.32s, where (a) and (b) represent the
snapshots of the x1 component of relative fluid velocity to solid
velocity by using CPML and NPML layers, respectively. In this
test, the slow P–wave disappears due to its high diffusion. This

observation is consistent with the description in Sheen et al.
(2006). Figure 7 illustrates the 2s seismograms (10,000 time steps),
where (a) and (b) represent x1 component of relative fluid
velocity to solid velocity at receivers R1 and R2, respectively.
Figure 7 shows that the agreement between CPML (solid gray
lines) and NPML (short dashed black lines) is again very good.
Theoretically, no energy remains in the model after 0.74s. One can
observe that the total energy computed with NPML and CPML
decreases continuously in Figure 8. However, the total energy
computed with NPML decreases faster than that of CPML.
To check the stability of numerical simulation at longer time,
both CPML and NPML codes were rerun to 20s (100,000 time
steps). Figure 9b shows the close-up of the energy decay curve
between 18s and 20s. One can observe that the total energy
computed with NPML decreases faster than that of CPML, and
the total energy computed with CPML shows oscillatory
behavior (Figure 9).

Conclusions
In this paper, nearly perfectly matched layer (NPML) absorbing
boundary condition is applied to the 2D gas-saturated poroelastic model. A great advantage of the NPML is that the reformulated wave equations preserve the form of the original
non-boundary wave equations. The numerical results show that
the artificial reflections from the model edges are effectively
suppressed. In addition, no instability is observed during
numerical simulation using both low and high dominant
frequencies of sources (e.g. 45Hz and 45kHz), which means the
numerical method with NPML is highly efficient even for
longer time simulation.
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