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Abstract
In full waveform inversion, the objective function plays a
key role in successfully obtaining high quality velocity
images. In this paper, an objective function composed of
a non-smooth data fidelity term and a non-smooth regularization term is presented. The non-smooth data
fidelity term is essentially a Student’s t formulation,
derived by maximizing a likelihood function. The nonsmooth regularization term is a potential function chosen
among L1 norm (convex but non-differentiable at zero),
hyperbolic secant function (convex and differentiable), or
GM function (differentiable but non-convex), and
derived by maximizing a priori information from the
Markov Random Fields. The quasi-Newton L-BFGS algorithm is incorporated into a frequency-domain multiscale scheme to solve the new objective function, so as to
obtain a global minimum solution. The method is insensitive to large error and has a good ability of preserving
sharp edges. Two examples are used to illustrate the
performance of the method. The results show that the
FWI method proposed in this paper can capture blocky
structures and/or small-scale structures in the presence
of null traces, bad traces or linear coherent noise.

1. Introduction
The full waveform inversion (FWI) technique is an important
geophysical tool for recovering subsurface structures and physical properties from pre-stack multiple-shot seismic data, such
as velocity, density and/or the quality factor (e.g. Watanabe,
2004; van Leeuwen and Herrmann, 2012; Jeong et al., 2012). The
inversion effectiveness of FWI mainly depends on the quality of
the observed data and the choice of objective function. In the
past works, the L2 norm of residual data between the observed
data and calculated (or modeled) data is widely used as an
objective function to successfully obtain high-quality images
mainly for synthetic seismic data.
However, when applying the L2 norm as the objective function
in real seismic datasets, we are always troubled by two main
obstacles. One is that FWI method via minimizing the L2 norm
(or smooth data fidelity term) is sensitive to non-Guassian error
(Aravkin et al., 2012), such as spike noise, null trace, bad trace
and/or coherent noise. When the seismic data includes these
kinds of error, the FWI probably leads to an unreasonable image

and even brings in artifacts. The other obstacle is that FWI with
L2 norm is ill-posed (Virieux and Operto, 2009) due to the bandlimited sources, incomplete illumination, and the presence of
noise. That means the solution is unstable and not unique.
To get rid of the first obstacle, robust FWI method by minimizing non-quadratic function (or non-smooth data fidelity
term), such as L1 norm, Huber function, hyperbolic secant
(Sech) function, Cauchy function, or hybrid L1/L2 norm (e.g.
Crase et al., 1990; Brossier et al., 2009; Ha et al., 2009; Brossier et
al., 2010) was presented. Probability density distributions corresponding to all these functions have thicker tails than the
Gaussian distribution, which corresponds to L2 norm, thus
ensuring that robust FWI method is insensitive to large error.
Recently, Student’s t formulation, another non-quadratic function, was introduced to derive another new robust FWI method
(Aravkin et al., 2011) with comparable performance with the
robust method using Huber function.
As for the second obstacle, regularized FWI method by adding
Tikhonov regularization (Tikhonov and Arsenin, 1977) to
smooth data fidelity term was widely adopted to overcome the
ill-posed problem. However, Tikhonov regularization is essentially a quadratic regularization (or smooth regularization),
tending to enforce model globally smooth. Consequently, the
method always blurs sharp edges, which often correspond to
important geological features such as faults, pinch-outs, channels, lens or fractures. By taking advantage of the important a
priori information that assumes the subsurface model is blocky,
regularized FWI method by using total variation (Burstedde
and Ghattas, 2009) was presented. In fact, this priori information has been widely adopted in seismic inverse problems (e.g.
Oldenburg et al., 1983; Valenciano et al., 2004; Gholami and
Siahkoohi, 2009; Theune et al., 2010; Yuan and Wang, 2013).
Recently, the L1 norm and Cauchy functions operating on the
derivative of model were also introduced to a new blocky regularized time-domain FWI method (Guitton, 2012).
In this paper, we present a frequency-domain FWI method with
a new objective function, combining non-smooth data fidelity
and non-smooth regularization in a Bayesian framework. The
method can retrieve blocky structures and edges of geology
body in the presence of large error, such as null trace, bad trace
and/or coherent noise. We mainly focus on the non-smooth
regularization term of the objective function, which controls the
recovery of mostly blocky structures and edges. Three potential
functions with different features, including L1 norm, which is
convex but non-differentiable at zero, Sech function, which is
convex and differentiable, and GM function (Geman and
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McClure, 1985), which is differentiable but non-convex, are
introduced to derive three non-smooth regularizations. In order
to reduce the risk of being trapped into local minima, the quasiNewton L-BFGS algorithm (Nocedal, 1980) is incorporated into
a multi-scale scheme (Pratt, 1999) to solve the new objective
function.

where C1 is a positive constant. By minimizing the negative
logarithm of equation 3, a non-smooth data fidelity formulation
can be given as

The first part of the paper describes the theory (Section 2),
including non-smooth data fidelity (Section 2.1), non-smooth
regularization (Section 2.2), and the objective function, gradient
and calculation scheme (Section 2.3). Then two examples are
used to test the performance of the method (Section 3). Finally,
some discussions and conclusion (Section 4) are reached.

FWI realized by minimizing formulation 4 is robust to large
error due to the heavy-tailed distribution. Its performance
depends on the parameter c, which decides the shape of the
Student’s t distribution. In general, small value for the parameter is taken, in order to make the tails of the Student’s t distribution as thick as possible. Similarly, if the elements in vector e
are assumed to obey Laplace (or exponential) distribution,
another robust FWI method can be derived by minimizing L1
norm (Brossier et al., 2009).

2. Theory
In this section, FWI formulations are derived based on a
Bayesian framework (Ulrych et al., 2001), which relates the
conventional least-squares FWI, robust FWI, regularized FWI to
our method.
2.1 Non-smooth data fidelity
In 2-D case, the pre-stack observed seismic data d can be
described as
d = u(m) + e,

(1)

where vector u(m) denotes the modeled data, vector
m=[M 11 ,…,M l1 ,M 12 ,…,M l2 ,…,M 1v ,…,M lv ] T denotes the
square of slowness, the superscript T denotes transpose, and
vector e denotes the noise consisting of both measurement and
modeling error. In this paper, we suppose that the modeling
error is negligible and only consider measurement error.
In fact, the conventional least-squares FWI requires an implicit
assumption that all elements in the noise e are independent on
each other and obey zero-mean Gaussian distribution with a
constant variance s 2 . With this assumption, the likelihood function corresponding to equation 1 can be written as

(

p( d | m) = 2πσ 2
−n/2  12 H 
pd|( m) = 2πσ2 exp − 2 (d− u) (d−u)
σ

()

)

− n /2

H
 1

exp  − 2 ( d − u ) ( d − u )  ,
2
σ



(2)

where n is the frequency sample number of pre-stack multipleshot seismic data, and the superscript H represents the transpose conjugate. The minimization of the negative logarithm of
the above likelihood (equation 2) can be regarded as a smooth
data fidelity term. The Gaussian distribution is a short-tailed
distribution, thus sensitive to large error. When seismic data
contains spike noise, null traces, bad traces and/or coherent
noise, FWI by minimizing the smooth data fidelity term readily
fails to obtain a high quality result.
In order to overcome this problem, we use the Student’s t distribution (Aravkin et al., 2011), a heavy-tailed distribution instead
of the Gaussian distribution. Assuming that all elements in
vector e are independent on each other and obey zero-mean
Student’s t distribution with a constant degree of freedom
parameter c, equation 2 can be rewritten as

 χ +12 n  1 H 
p(d|m) = C1exp − ∑log 1+ (di −ui) (di −ui)
i=1 χ

H
 1

χ +1 n
log 1 + ( d i − u i ) ( d i − u i )  .
∑
2 i=1
 χ


E1 (m ) =
χ +1 n  1 H 
E1(m) = ∑log 1+ (di −ui)(di −ui)
2 i=1 χ

(4)

2.2 Non-smooth regularization
By minimizing non-smooth data fidelity term, the first obstacle
can be alleviated even overcome. However, without reasonable
prior information or regularizations about model parameters,
the FWI is still ill-posed.
Tikhonov regularization is one of the most widely used regularizations, for which, the regularization operator on model parameters can be taken as zero-order, first-order or second-order
difference matrix. As a L2 norm, Tikhonov regularization effectively overcomes the ill-posed problem of FWI, and provides a
stable solution. However, it always captures a globally smooth
model, contradicting with blocky structures of the true geology
models. Therefore, how to retrieve blocky structures while
capturing edges is the critical issue of FWI.
In Markov random fields (MRF) model (Geman and Geman,
1984; Besag, 1986), every element is considered to be only
related to its adjacent elements. This is accordant with the
general law of geological sedimentation. Therefore, we adopt
MRF as a mathematical description of the priori information to
derive non-smooth regularization formulations, for the purpose
of recovering blocky structures while capturing edges.
The distribution of MRF can be explicitly expressed by a Gibbs
distribution in the form
p(m) = C2 exp−E2 (m)

p( m) = C2 exp  − E2 ( m )  ,

(5)

Vc (m ) is the potenwhere C2 is a positive constant, E2 ( m ) = ∑
c∈
tial function, and  is the set of cliques. In this paper, we choose
the potential function as
E2 (m) = ∑Vc (m)
c∈



E2 ( m ) = f ( D z m ) + f ( D hm ) ,

(6)

E2 ()m = f (Dmz )+ f (Dmh )

where matrices Dz and Dh represents the difference operator
along the depth direction and horizontal direction, respectively.
Enforcing blockiness in the physical domain amounts to
enforcing a sparse representation of edges in the difference data
domain. In order to promote the sparsity, we use three functions, including the L1 norm, Sech function and GM function, as
follows

 χ +1 n
H

 1
p( d | m) = C1 exp −
log 1 + ( di − u i ) ( d i − u i )   , (3)
∑
2 i =1
 
 χ
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f (x) = ∑ xi ,
i =1

k

f (x) = ∑ xi
i =1

(7)
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f (x) =
12 k
f ()x = ∑ log cosh(xi / γ )

1 k
∑ log cosh ( x i / γ )  ,
2 i =1

solution strongly depends on the starting model is reduced
even overcome.

(8)

i=1

For Newton method, the model at (g+1)-th iteration is given as

1 k (xi / γ ) ,
f (x) = ∑
2 i =1 1 + ( x / γ )2
2

(9)
mg+1 =mg −∇2mE(mg)−1∇mE(mg)

i

f (x) =

12 (xxi / γγ)

∑
ik=1

1+ ( i /

2

where k=l×v is the number of elements in the model. In equations 8 and 9, g is a scaling parameter which tunes the value of
the gradient above which an edge is detected. Note that Sech
function can be regarded as a hybrid norm, similar to Huber
function (Guitton and Symes, 2003), since it behaves like the L2
norm for small xi, and behaves like the L1 norm for large xi. But
what is different from Huber function is that Sech function is
not a piecewise function.
By substituting equations 7, 8 or 9 into equation 5 respectively,
and minimizing the negative logarithm of equation 5, we obtain
three corresponding non-smooth regularization formulations as
follows
k

k

i =1

i =1

E2L1 (m) = ∑ ( D z m )i + ∑ ( D hm )i ,
k

k

i=1

i=1

E2L1 (m) = ∑ (Dmz )i + ∑ (Dmh )i

E2Sech (m) =
{ }{ }

12 k 12 k
E2Sech()m = ∑log cosh(Dmz )i/γ+ ∑log cosh(Dmh )i/γ
i=1

{

}

The main task for quasi-Newton L-BFGS method is to calculate
— m E(m g ). It is obvious that — m E(m) is the sum of first-order
derivative of non-smooth data fidelity term E 1 (m) and that of
non-smooth regularization term E 2 (m) with respect to model
parameters m. For E 1 (m), its first-order derivative at element
m (j-1)*l+w or M w,j can be given as

(10)

{

1 k
1 k
log cosh ( D z m )i / γ  + ∑ log cosh ( D hm )i / γ 
∑
2 i =1
2 i=1

H

}

n

∇ u (m ) u (m ) − d 
i
 Mw, j i
  i

i =1

χ + d i − u i ( m )   di − u i ( m ) 

∇ M O1 ( m) = ( χ + 1) ∑
w, j

i=1

, (11)
H

∇M O1(m) = (χ +1)∑
w, j

2

and E2GM (m ) =
2

2

12 (Dmz ) /γγ 12 (Dmx ) /γγ
E2GM (m) = ∑ i 2 + ∑ i 2
ik=1 1+ Dm /  ik=1 1+ Dm / 
(z) (x)
i

in=1

∇ u (m) u (m)− d 
Mw, j i

i

H

. (16)

i

χ + di − ui (m) di − ui (m)
H

2

1 k ( D z m )i / γ 
1 k ( D x m )i / γ 
. (12)
+ ∑ 
∑
2
2 i =1 1 +  D m / γ  2 i =1 1 +  D m / γ  2
( z )i 
( x )i 

i

2.3 The objective function, gradient and calculation scheme
According to Bayes’ rule, the posterior probability of model is
derived by combining the likelihood function p(d|m), and the
prior p(m) with the normalizing term p(d):

p( d | m ) p(m ) .
p( m | d) =
p( d)
p(m | d) =

(15)

where — 2m E(m g ) and — m E(m g ) is the second-order and firstorder derivative of the objective function E(mg), respectively. In
special, — 2m E(m g ) –1 =a g yields the steepest descent method, and
— 2m E(m g )=J T J H yields the Gauss-Newton method, where J=—
g
m u(m ) denotes Jacobian or sensitivity matrix. The quasiNewton L-BFGS method uses an approximated matrix Happ,
which is related to E(m g ) and — m E(m g ), to replace — 2m E(m g ) –1
in equation 15. This technique enforces fast convergence with a
limited memory.

2

)

m g +1 = m g − ∇ 2m E ( m g )−1 ∇m E (m g ) ,

From equation 16, it can be derived that large error in seismic
data contributes very little to the search direction. In nature,
c +[d i –u i (m)] H [d i –u i (m)] plays a down-weighted role and
ensures that the method can adaptively fit effective signal,
avoiding the influence of large error.
For E 2 (m), its first-order derivative at element M w,j can be
given as

(

∇ M E2 (m) = µzF + µ zB + µhF + µhB
w, j

(13)

wj,

M w , j − µ zF M w+1, j − µ zB M w−1, j − µ hF M w, j +1 − µ hB M w, j −1 ,

p(d | m) p(m)
p( d)

By substituting equations 3 and 5 into equation 13, and minimizing the negative logarithm of equation 13, we obtain an
objective function

)

( )

∇M E2(m) = µzF + µzB + µhF + µhB

(17)

Mwj, −µzFMw+1,j−µzBMw−1,j−µhFMwj, +1−µhBMwj, −1

E(m) = E1(m)+ λE2(m)

E (m) = E1 (m) + λ E2 (m ) ,

where the four weights

µzF =

(14)
µzF =

w, j

(M

w +1, j

− M w, j

M w +1, j − M w, j

),

( )

Mw+1, j − Mw, j

µ zB =
µzB =

∇M

w, j

(M

w, j

− M w−1, j

M w, j − M w−1, j

),

( )

∇M Mw, j − Mw−1, j
w, j

Mw, j − Mw−1, j

µhF =
µhF =

w, j

∇M Mw+1, j − Mw, j

where the positive parameter l is the trade-off parameter that
balances non-smooth data fidelity term (equation 4) and nonsmooth regularization term (equations 10, 11 or 12).
Equation 14 is a nonlinear problem. Some global search techniques, such as simulated annealing algorithm (Sen and Stoffa,
1991), genetic algorithm (Stoffa and Sen, 1991) and particle
swarm optimization algorithm (Yuan et al., 2009), can be used
to solve such nonlinear problems with the advantage that the
solution is independent on the starting model. However, they
are too expensive to solve the FWI problem since huge number
of parameters need to be inverted. In this paper, we use the
quasi-Newton L-BFGS method (Nocedal, 1980), a linearized (or
local) inversion technique, to solve equation 14. By incorporating the method into a multi-scale scheme, where the inversion is implemented from low frequency groups (large scale) to
high frequency groups (small scale), the limitation that the

∇M

∇M

w, j

(M

w , j +1

− M w, j

M w , j +1 − M w, j

),

( )

∇M Mw, j+1 − Mw, j
w, j

Mw, j+1 − Mw, j

and µhB =
µhB =

∇M

w, j

(M

w, j

− M w, j −1

M w, j − M w, j −1

).

( )

∇M Mw, j − Mw, j−1
w, j

Mw, j − Mw, j−1

It can be observed that — M w,jE 2 (m) is only related to the element
Mw,j and the first-order adjacent elements of Mw,j. When there is
a discontinuity between Mw,j and Mw,j+1, the weight mFz is small,
but the other three weights are large (except for a special case
that Mw,j+1 – Mw,j = 0 when using L1 norm as function f). When
Mw,j+1 – Mw,j is infinity, the weight mFz decreases to zero and there
is no smoothing in this direction, thus preserving discontinuity
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in this direction.

3. Examples

The first-order derivative of the objective function (or the
Fréchet derivative) with the L1 norm, Sech or GM regularization at the g-th iteration can be concretely calculated by
() ()

∇mE1(mg)=∇m1E(mg)+λDzHsgn Dzmg +DhHsgn Dhmg 
L

(

∇ m E (m ) = ∇ m E1 (m ) + λ  D z sgn D z m
L1

g

g

H

g

)+ D

(

()()

∇mESech()mg =∇m1E()mg +λDzHtanh Dzmg/γ +DhHtanh Dzmg/γ /γ

H
h

(

)

sgn D h m  , (18)

)

g

(

)

∇ m E Sech (m g ) = ∇ m E1 (m g ) + λ  D z H tanh D z m g / γ + D h H tanh D z m g / γ  / γ

, (19)
∇ m E GM (m g ) = ∇ m E1 (m g ) + D z H

and
+ Dh

∇m EGM (mg ) =∇m E1 (mg ) + DzH

( )

λ Dzmg / γγ 2
1

,.. ,

2

2

1

2

12

2

( )

,...,

( )



T

k

2

1 + Dzmg /

12

( )

λ Dhmg / γγ 2


 λ D hm g / γ 2
1

2

g
1
/γ 2
D
m
+
h

1

(

(
(

)
)

)

(

(
(

)
)

( )
,...,
(1+ (D m )
λ Dhm g

2

g

h

k
2
k

)

2

,...,

g

z

/γ 2
/γ 2

( )
(1 + (D m )
λ Dzmg

)




2



k
2
k

/γ 2
/γ 2

)




2



T

T

, (20)

2

2

k



λ Dhmg / γγ 2

T

k

(( ) ) (( ) )
1 + D hm g /

λ Dzmg / γγ 2

(( ) ) (( ) )
1+ Dzmg /


+ DhH

H


 λ Dzmg / γ 2
1

2

g
1
/γ 2
+
D
m
z

1

2

1 + D hm g /

2

2

k

respectively. Where sgn(.) represents the sign function,

( )
( )


( χ + 1) u1 m g − d1 

∇ m E1 (m g ) = J H 
,...,
H
g
g
 χ +  d1 − u1 m   d1 − u1 m 

∇mE1(mg ) = J H

(χ +1)u (m )−d 

( )

g

1

1

() ()
H

χ + d1 − u1 mg  d1 − u1 mg 

, . .,

( χ + 1) u (m ) − d

T


 ,
H

g
g
χ +  d n − u n m   d n − u n m  

g

n

( )

n




( )

J=H –1 [–(— m H)u], matrix H is the Helmholtz operator with
PML absorbing boundary condition, and –(— m H)u represents
the virtual source vector (Pratt, 1999). For term
— m E 1 (m g ), we use an adjoint state technique (Tarantola,
1984; Pratt et al., 1998) to avoid explicitly calculating
Frechet derivative or Jacobian matrix which requires
intensive computations. Moreover, we can efficiently
find the steepest descent direction of non-smooth data
fidelity term by multiplying the backpropageted wavefield with the virtual sources. Compared with —
g
g
m E 1 (m ), — m E 2 (m ) representing the steepest descent
direction of non-smooth regularization term has a negligible computation cost, since regularization term only
operates on the model space.

3.1 A simple synthetic model
To test the performance of the method on capturing blocky
structures in the presence of large error, we design a simple
model with a 10×10 m grid interval, shown in Figure 1a. The
true model contains four constant-velocity layers, a layer with
velocity gradual increase, a single channel, a fault, and a lens.
We produce 11 shots, spaced 100 m apart, with a fixed spread of
receivers on every grid point at 10 m deep location. The source
is a Ricker wavelet, with a dominant frequency of 10 Hz. We
generate two noisy synthetic datasets, named dataset 1 and
dataset 2. Every shot gather of dataset 1 includes four null
traces and two bad traces. The shot gather of the source at (500
m, 10 m) is shown in Figure 2a. For dataset 2, only the shot
gather of the source at (500 m, 10 m) contains a linear coherent
noise, shown in Figure 2b. The linear noise is synthesized by
using the same wavelet as the source. Its maximum amplitude
is about 0.4 times of that in the clean seismic data.
The starting velocity model (Figure 1b) is given by smoothing
the true velocity model (Figure 1a). It can be observed that all
structures are fully blurred and no edges can be identified in the
starting model. We use the FWI algorithm to invert for dataset
1 and dataset 2 in four frequency bands: [3,5,7], [7,9,11],
[11,13,15], and [15,17,19] Hz. These four scales are selected
according to spectrum of the dataset. For every scale, we set the
maximum number of iterations itmax 200. To quantitatively evaluate the quality of FWI results, we define an absolute error
~ – m ∣∣ , where m
~ and m
Q=∣∣m
true 2
true denote the FWI slowness
and true slowness, respectively.

The major steps for the FWI algorithm are summarized
as follows:
for frequency_group = group_1 to group_n do
while (NO convergence AND iter < itmax) do
Calculate the objective function O(m g ) using equation
14
Calculate the first-order derivative of the objective function — m O(m g ) using either equations 18, 19 or 20
Calculate Happ using quasi-Newton L-BFGS method
Update model using m g+1 = m g – H app — m O(m g )
end while
end for

Figure 1. The simple synthetic model. (a) True velocity model and (b) the starting
velocity model.
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In this paper, in order to focus on illustrating the effectiveness
of the FWI method and avoid the influence of uncertainty
caused by simultaneously inverting for nuisance parameters c,
l and g, a large number of values for the parameters are tried by
a Monte Carlo scheme and the optimum ones are selected, but
not inverted simultaneously. For c, we try 0.0001, 0.001, 0.01,
0.1, 1 and 10. For l, we try 0.0001, 0.0005, 0.001, 0.005, 0.01, 0.05,
0.1, 0.5, 1, 5, 10, 50 and 100. For g, we try 0.00001, 0.0001, 0.001,
0.01, 0.1, 1 and 10. The FWI results for different parameter
groups are evaluated by using the absolute error Q as a criterion
and the result corresponding to the smallest Q is selected as the
optimum result.
Figures 3a-3c are the optimum inverted results for dataset 1 by
using our FWI method with the three different non-smooth
regularizations, including L1 norm (equation 10), Sech function
(equation 11), and GM function (equation 12), respectively. As
Figure 3 shows, both L1 norm and Sech function almost
perfectly recover all structures with edges. For GM function,
horizontal layers, channel and fault including their edges are
recovered, but the top right edge of the lens and top edge of the
deepest layer are slightly blurred. On the whole, no matter
which regularization is adopted, the deeper structures are not
imaged as well as the shallows, mainly due to the limited angle

Figure 2. The shot gathers for datasets 1 and 2. (a) A shot gather in dataset
1, including four null traces and two bad traces, and (b) a shot gather in
dataset 2, including a linear coherent noise (denoted by the red arrow).
The source is located at (500 m, 10 m). The direct wave has been removed.

information. It is noticeable that the vertical fault can be clearly
recovered mainly because it is located in the shallow part and
large offsets are adopted. Figures 4a-4c are the optimum
inverted results for dataset 2 by using L1 norm, Sech function
and GM function, respectively. The similar conclusions as
dataset 1 are obtained.
3.2 The overthrust model
To further test the performance of our FWI method, the famous
overthrust model (Aminzadeh et al., 1995) with a 25×25 m grid
interval shown in Figure 5a is also adopted. The top of the
model is characterized by an erosional truncation leading to
important lateral velocity variations at the surface (weathering
zone). The model contains small-scale features such as thin
beds, lenses, pinch-outs and channels. It is noticeable that we
add a constant velocity layer with 400 m thickness at the top, in
order to reduce the influence of near surface.

Figure 3 The FWI results for dataset 1 by using different regularizations
with the optimum parameter groups. (a) L1 norm with c=0.001 and l=5,
(b) Sech function with c=0.001, l=0.005 and g=0.001, and (c) GM function
with c=0.001, l=0.01 and g=0.01. The corresponding Q is 0.1302, 0.1293
and 0.1736, respectively.
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Figure 6. A shot gather. The profile includes 17 null traces and 10 bad
traces, where there are 7 continuous null traces in the near offset. The
source is located at (8000 m, 10 m). The direct wave has been removed.

For the model, we produce 81 shots, spaced 200 m apart, with a
100 m spread of receivers at 25 m deep location. The source is
also a Ricker wavelet, with a dominant frequency of 10 Hz.
Figure 6 is the shot gather of the source at (8000 m, 25 m). For
every shot gather, there are 17 null traces and 10 bad traces. In
special, 7 continuous traces in the near offset are missed. That
means the data for the pre-stack inversion misses small angle
information.
The starting velocity model (Figure 5b) is given by smoothing
the true velocity model (Figure 5a). We use the FWI algorithm
to invert for the dataset in 3 frequency bands: [2.5,3.5,5], [5,7,9],
and [9,12,16] Hz, with setting the maximum number of iterations itmax 40. As for the choice of nuisance parameters, it is the
same as the above simple synthetic model example.

Figure 4. The FWI results for dataset 2 by using different regularizations
with the optimum parameter groups. (a) L1 norm with c=0.0001 and
l=50, (b) Sech function with c=0.001, l=0.05, and g=0.001 and (c) GM function with c=0.0001, l=1, and g=0.01. The corresponding Q is 0.1487, 0.1421
and 0.1947, respectively.

Figures 7a-7c are the optimum inverted results by using the
three different non-smooth regularizations, respectively. As
Figure 7 shows, weathering zone and almost all small-scale
structures are clearly recovered in the three inverted results,
although the inverted results are slightly fuzzy compared with
the true model. It is probably partly because of the influence of
the residual direct wave and the insufficient iteration. In addition, three non-smooth regularizations generate
similar results.

4. Discussions and conclusion
The non-smooth data fidelity and non-smooth
regularization are combined together to develop
a FWI method by using a Bayesian framework.
The method can capture blocky structures
including edges in the presence of null traces,
bad traces or linear coherent noise in the
observed seismic data. Although L1 norm,
hyperbolic secant function and GM function
have different features, the non-smooth regularizations derived from them play similar roles.
A main drawback of the method is that some
nuisance parameters need to be determined. In
this paper, we only try a large number of values
by using Monte Carlo simulation, in order to
avoid the influence of uncertainty caused by
Figure 5. The overthrust model. (a) True velocity model, and (b) the starting velocity model.
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Aravkin, A., Friedlander, M., Herrmann, F. J., and van
Leeuwen, T., 2012. Robust inversion, dimensionality
reduction, randomized sampling. Mathematical
Programming Series B, 134:101–125.
Besag, J., 1986. On the Statistical Analysis of Dirty
Pictures. Journal of the Royal Statistical Society, Series B
(Methodological), 48: 259–302.
Brossier, R., Operto, S., and Virieux, J., 2009. Robust
elastic frequency-domain full-waveform inversion
using the L1 norm. Geophysical Research Letters, 36:
L20310.
Brossier, R., Operto, S., and Virieux, J., 2010. Which data
residual norm for robust elastic frequency domain full
waveform inversion?. Geophysics, 75: R37–R46.
Burstedde, C., and Ghattas, O., 2009. Algorithmic
strategies for full waveform inversion: 1D experiments.
Geophysics, 74: 37–46.
Crase, E., Pica, A., Noble, M., McDonald, J., and
Tarantola, A., 1990. Robust elastic nonlinear waveform
inversion: Application to real data. Geophysics, 55:
527–538.
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images. IEEE Transactions on Pattern Analysis and
Machine Intelligence, 6: 721–741.
Geman, S., and McClure, D. E., 1985. Bayesian image
analysis: An application to single photon emission
tomography. American Statistical Association
Proceedings of the Statistical Computation Section,
12–18.
Figure 7. The FWI results by using different regularizations with the optimum parameter
groups. (a) L1 norm with c=1 and l=0.01, (b) Sech function with c=1, l=0.005 and g=0.1 and
(c) GM function with c=1 and l=0.01 and g=0.01. The corresponding Q is 3.9693, 3.9769 and
3.9954, respectively.

inverting for nuisance parameters and only focus on illustrating
the effectiveness of our FWI method. However, for field seismic
data, choosing nuisance parameters by trial and error is expensive. FWI using non-smooth data fidelity and non-smooth regularization with nuisance parameters estimation is our next topic
to challenge field data.
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strategy for density in the frequency domain. Geophysical Journal
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