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Abstract
A rigorous mechanical approach to modeling internal
friction in materials is applied to two- and one-cylinder
systems often used for measuring seismic attenuation in
the laboratory. The systems are subjected to static or sinusoidal torques or axial forces, and three empirical measures of mechanical dissipation are modeled: 1) phase lag
between the cylinders (often interpreted as the stressstrain phase lag), 2) relative width of the spectral peak in
dissipation (quality factor, or Q), and 3) creep relaxation
time and shape. Instead of the commonly used empirical
concepts, such as material memory and Q, we consider
the solid viscosity and thermoelasticity as the physical
mechanisms of internal friction. Several types of Q
factors are predicted and shown to be sensitive to the
parameters of internal friction, but also to the forcing
frequency, specimen’s dimensions and other parameters
of the experiments. Frequency dependences of the
observed Q’s are explained by nonlinearity of viscosity
and by the effects of grain size on thermoelastic dissipation. Comparisons to literature data in olivine show that
creep can be explained by power-law solid viscosity with
rheologic exponent n ≈ 0.79, and similar character of
internal friction appears likely in other rocks. The model
is tested in detail by using recent phase-lag data for axial
deformation of a Plexiglas cylinder at frequencies 0.05–50
Hz. This example also suggests nonlinear viscosity
combined with thermoelasticity to explain the observed
spectral peak in dissipation. Overall, the models show
that physical mechanisms quantitatively predict the
observed inelastic effects directly, without invoking the
phenomenological approximations of the viscoelastic
approach. The models also allow predicting attenuation
coefficients for various types of seismic waves and
inverting the observations for physical parameters of
internal friction.

Introduction
Field measurements of seismic and tidal attenuation are among
the most important constraints on the physical state and
composition of the rocks within the Earth. Granularity, fluids,
melts, fractures, elevated temperatures, and a number of other
physical and chemical factors cause anelastic behaviour of
Earth materials (e.g., Karato, 2008). Measurement of mechanical

relaxation in rock samples in the laboratory is the most important technique for calibrating seismic observations and characterizing the in situ physical properties of rocks (ibid). The
conventional way for producing the constitutive equations for
in situ rocks consists in scaling the empirical relations inferred
from laboratory observations, such as the time dependences of
the material compliance, J(t), frequency dependences of the
quality factor, Q(w), or distributions of relaxation times, D(t)
(e.g., Jackson et al., 2005). Such scaling involves power-law or
exponential dependences with respect to grain size, pressure, or
temperature, which are justified by general thermodynamic
and chemical-kinetic considerations (e.g., Karato and Wu, 1993).
The scaled empirical relations are often applied not only to
seismic deformations at reservoir conditions but also to much
larger scales, such as geodynamic mantle flows (Sato, 1991) and
planetary tides (Agnew, 2010; Nimmo et al., 2012). However, the
key underlying question of whether and how the J(t), Q(w), or
D(t) dependences inferred from laboratory observations can be
transferred into the in situ material properties remains insufficiently addressed.
The relation of attenuation observations in the laboratory to the
in situ material inelasticity is not simple. The model commonly
used to explain the observations of seismic attenuation (e.g.,
Cormier, 2011) and also to design and interpret attenuation
experiments (e.g., Jackson and Paterson, 1993) is based on the
notions of the Q-factor and viscoelastic constitutive equations
for the material. Nevertheless, the viscoelastic functions J(t),
Q(w) are only phenomenologies established by generalizing
experimental data (e.g., see chapter 3 in Karato, 2008, and chapters 1 and 2 in Lakes, 2009). These phenomenologies are difficult to rigorously relate to physical properties of materials. The
consistency of Q(w) measured for different types of deformation
remains problematic (see chapter 3 in Bourbié et al., 1987).
Theoretically, the concept of material Q also causes significant
difficulties, particularly as it implies a sharp difference between
the mechanisms of internal friction in solids and fluids. For
example, all Q-based global attenuation models for the Earth
(such as PREM, Dziewonski and Anderson, 1981) contain no
dissipation within the molten outer core. By contrast, from
theoretical mechanics and thermodynamics, it is known that
solids are to a large degree similar to fluids mechanically,
including the laws of viscosity (Landau and Lifshitz, 1986). The
concept of Q is neither needed nor arises from the models of
solid media known from physics. Biot’s (1956) poroelasticity is
a well-developed example of such a model, which is close to
exploration seismology.
The principal problem considered in this paper is the relation of
the viscoelastic functions J(t), Q(w), or D(t) empirically inferred
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from laboratory observations to the intrinsic properties of materials. This problem breaks down into two sub-problems: 1) the
physical meaning of the in situ viscoelastic functions, and 2) their
dependences on experimental parameters, especially on those
unrelated to the internal friction within the material. Once the
physical causes of viscoelastic responses are established, they
should allow extensions to the conditions of large scales, high
pressures and temperatures encountered in field applications.
The traditional explanation of laboratory observations in terms
of a J(t) or Q(w) of the material is very universal but only empirical, i.e. constructed without considering any physical mechanisms of internal friction. This approach consists in assuming
that once a time-retarded stress-strain relation (for example,
t
ε ( t ) = ∫ J ( t − τ ) σ (τ ) dτ is observed for a rock specimen, a similar
−∞
relation can be used as a constitutive law for its material (e.g.,
Karato, 2008). Because of such empirical character, this model is
very flexible and often allows fitting laboratory data well, but it
also provides little constraints on the specific mechanisms of
internal friction. We approach the problem from the opposite
angle and examine two specific internal mechanisms of inelasticity
in near-elastic deformations: solid viscosity and thermoelasticity. The analysis is also specific to the conditions of each
experiment and to the character of measurements, and consequently it elucidates the effects of observational environments
on the empirical compliances and Q factors. Such environmental factors are the frequencies and wavelengths of oscillations, dimensions and shapes of the specimens, their thermal
conductivities and insulations, strain levels, loading schedules,
and other experimental detail. It is hardly correct to single out
the frequency dependence as the only significant among these
factors, as it is unfortunately commonly done.
ε (t) = ∫ J (t −τ )σ ()τ dτ
t

−∞

Below, we investigate three types of seismic-attenuation measurements in the laboratory, which utilize: 1) phase lags during
sinusoidal loading of cylindrical specimens, 2) spectral peaks
near resonances, and 3) transient creep under static load. In the
first section, we start by describing the Q factors measured in
such mechanical tests and illustrate the relations of these
factors to the underlying mechanical properties. We use the
standard Lagrangian formulation of continuum mechanics and
thermodynamics (Landau and Lifshitz, 1986). This approach
utilizes conventional physical properties and laws but avoids
the mathematical postulates specialized for the Q-based
picture, such as the correspondence principle and timedependent constitutive relations.
The case of solid viscosity is considered in detail. It is shown
that the frequency dependence of the observed Q arises from
the nonlinearity of the strain-rate stress relation. Importantly,
observations of Q–1 reducing with frequency and/or presence
of “absorption peaks” suggest non-purely mechanical dissipation mechanisms, such as thermoelastic or kinetic relaxation, or
scattering. The thermoelastic effect is the most fundamental
among these mechanisms (Lakes, 2009) and is likely common in
laboratory environments, particularly at high temperatures.
This mechanism is discussed in some detail, showing how its
grain-size sensitivity can explain the appearance of dissipation
peaks in phase-lag observations.
The results from the simple modeling below may have important
implications for interpreting laboratory and field observations of

seismic and non-seismic attenuation at both exploration and
global scales. We show that rocks possess no definite “material
Q’s,” but the observed Q’s belong to the specimens, entire
measurement devices, or waves traveling through the medium.
The measured strain-stress responses are experiment-specific
and related to multiple physical parameters of the specimens. By
modeling several types of Q factors, we explain the observations
of creep and “strain-stress” phase lags and constrain the intrinsic
dissipative properties of the material. In several cases, these Q
factors also depend on the dimensions and shapes of the specimens, as well as on further details of the experimental settings.

Q factors
In theoretical models and experiments on seismic attenuation,
not one but multiple definitions for the Q factor are used. These
definitions reflect different aspects of the phenomenon of
internal friction and also different theoretical assumptions and
simplifications. In this section, we describe five such definitions, three of which arise in typical laboratory experiments
(Qdecay, Qspectral, and Qphase below), one is commonly used in field
observations (QE), and the last one is used in the formal
viscoelastic theory (Qm). As shown in the following sections, the
relations between these quantities are neither automatic nor
trivial. However, if the reader is familiar with the difference
between these Q-factors (Bourbié et al., 1987) or the subtlety of
the concept of Q is of no interest, this section can be skipped.
When discussing the dissipation of mechanical energy in
various media, it is important to differentiate the apparent
(observed in the field or laboratory) properties from those
viewed as inherent in the material. For solids, the current
approach in the experimental materials science and seismology
consists of using the time-dependent compliance (J(t)), the
frequency-dependent quality factor (Q(w)), or stress-strain
phase lag (tanf (w) ≡ Q-1(w)) as measures of both the apparent
and intrinsic anelasticities (Lakes, 2009; Cormier, 2011). Using
so similar quantities for the observed and intrinsic properties
simplifies data fitting, and consequently the Q factors have
been very useful for solving numerous practical problems.
However, the same similarity suggests that these quantities are
only phenomenological attributes, and we still need to look for
their justification from first physical principles.
The Q (quality) factor was introduced in geophysics from analogies with mechanical, acoustic, or electric resonators (Bland,
1960; Knopoff, 1964). For a resonator, the Q is defined so that its
inverse, Q-1, gives the relative amount of damping. However,
wave-propagating media are non-resonant, and such analogies
must be extended. There exist several ways for such extensions,
which are related to several ways to measure the Q. The
following three methods summarize the common definitions of
Q arising in observations on material specimens in the laboratory. To understand these definitions, we need to clearly differentiate between forced and resonant oscillations, and also
between time- and frequency-domain measurements.
First, for any resonant system with damping (which is usually
considered low), the Q simply describes the time dependence of
the exponentially-decaying oscillation amplitude:

u ( t ) = u0 exp ( − iω 0t − χ t ) ,
ut( ) = u0 exp(−iω0t − χt)
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where w 0 is the resonant frequency, m 0 is the amplitude at time
t = 0, and c is the attenuation (damping) coefficient. The
“complex frequency” can thus be defined as


i 
ω 0 = ω 0 − i χ ≡ ω 0  1 −
 ,
 2Qdecay 

(2)

 i 
ω 0 = ω0 − iχ ≡ ω0 1−
2Qdecay

Qdecay =

ωo
.
2χ

(3)

ωχo
2

The attenuation coefficient c in (2) can be measured in several
ways. For example, c equals the logarithmic decrement of peak
amplitudes m i taken over n cycles of oscillation:

χ=

u
1
ln 1 .
n un +1

(4)

f + f friction
f
= − 2 χ u ,
m
m

(5)

where f(t) is the external force. Thus, c can also be obtained by
measuring η and m directly and independently of any oscillatory or non-oscillatory motion. From (3), there follows an
important general relation:
−1
Qdecay
∝
−1
Qdecay
∝

η
m

This quantity is often interpreted as inherent in the material and
used as a basis of many attenuation measurements (e.g., Jackson
and Paterson, 1993; Lakes, 2009). However, this interpretation is
only an assumption which, as shown below, is not accurate.
For the phase-lag Q (8), the analogy with the linear oscillator
starts presenting some difficulties. From the oscillator equation
(5), tan–1 f =Q decay ( w 02 – w 2 )/ww 0 , and therefore Qphase decreases
as 1/w at low frequencies, passes through zero at w = w 0 , and
becomes negative for w > w 0 . Such direct dependence on w and
w 0 may make it difficult to interpret Qphase as a property of the
mechanical system. In low-frequency measurements,
Qphase≫Qdecay, and these quantities equal each other only at
frequency ω = ω 0 ( 5 2 − 1) . If one wanted to extract the oscillator’s
quality factor from phase-lag data at w ≪ w 0 , then product

η ,
m

(6)

Qdecay ≈
ω
Qdecay ≈ Qphase
ω0

suggesting that for a wave-propagating medium,
can be
expected to increase with viscosity and decrease with mass
density. Note that for exploration seismologists, the positive
correlation of dissipation with viscosity (6) should appear
natural, whereas in global seismology, a surprising controversy
is present, as an opposite correlation Q ∝ η is observed within
the mantle (Sato, 1991).
For a harmonic force, f(t)=f0 exp(–iw t), at variable frequency w
near w 0, the solution to eq. (5) shows a peak in the power spectrum, centred at w 0 and of width D w ≈2 c . From this peak
width, the spectral quality factor is derived:

Qspectral =

ωωo
∆

ωo
.
∆ω

(7)

This method is convenient when stationary, forced oscillations at
a range of frequencies near the resonance are studied, such as in
the Earth’s free oscillations. The same spectral peaks are
obtained by the Fourier transform of the free-oscillation amplitude (1) decaying with time, such as in measuring the free oscillations of the Earth. Note that Qdecay and Qspectral only belong to a
single oscillation and therefore have no frequency dependences.
The third broadly used method for measuring a Q-type quantity uses forced oscillations conducted far below the resonance,
at w ≪ w 0. In this case, the phase-lag Q is determined from the
phase lag, f, between the driving harmonic force, and the

ω
Q
ω 0 phase

(9)

could be more appropriate. However, using this relation in
practice faces the difficulty of knowing the natural frequency w 0
for the selected deformation, which is usually much higher than
the observation frequency band.
Because wave-propagating media are non-resonant, the analogies (2) and (7) with the oscillator can hardly be pursued much
further. By contrast, the definition for Qphase (8) extends to nonresonant systems, because tan measures the relative mechanical-energy loss, DE, in one oscillation period:
–
–
tanf = DE/(2pEmech), where Emech is the time-averaged mechanical energy. Consequently, the phenomenological energy-based
definition for Q is:

QE = 2π

Q-1

Qspectral =

(8)

( )

This gives the “kinematic” expression for c as an observable
quantity. Dynamically, this quantity can be related to viscosity,
which can be illustrated on an analogy with the damped linear
oscillator in mechanics. For the oscillator, if the force of friction
is proportional to the velocity, u̇ (linear, Newtonian viscosity),
then the force of friction equals ffriction =–η u̇, where η =2mc and
m is the mass. The equation of motion is then:

f + fm fm
u +ω02u = friction = − 2χu

1 .
tan φ

ω = ω0 5 2 − 1

1 u
χ = ln
n un11+

u + ω 02u =

Qphase =
1
Qphase =
tan φ

where Qdecay is the quality factor for the time-domain, resonantoscillation observation:

Qdecay =

resulting deformation u(t)=u 0 exp(–i w t+i f ):

QE = 2π

Emech
∆E

Emech
.
∆E

(10)

This definition is broadly used in seismology texts, although
–
Emech is often replaced with the peak elastic (strain) energy (Aki
and Richards, 2002). The subtlety (and difficulty) of using this
–
definition is that quantities, Emech, DE, and tanf are internal
properties which only exist for the specific oscillation. These
properties vary with deformation types and wavelengths and
can be very difficult to measure in practice. There exists no
–
guarantee that the ratio Emech, DE represents a unique property
of the material. As illustrated in the following section, deriving
QE from observational parameters involves solving the equations of mechanics, and the solution depends on the rheological
model and parameters of the experiment.
The different Q factors above emphasize different aspects of
motion of the system and consequently differ among themselves. The phenomenological QE (10) only agrees with Qphase (8)
for w ≪ w 0 , but even then these quantities have different
frequency dependencies (∝ 1/w for the oscillator’s Qphase and
near-constant or even arbitrary for seismological QE). In forced
oscillations, QE becomes mode- and frequency-dependent for
even the simplest mechanical systems. The original quality
factors, Qdecay and Qspectral, also differ from the oscillator’s Qphase
and QE. Only Qdecay and Qspectral definitely characterize the
mechanical system itself, but merely because they are measured
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in the absence of external forces. For non-resonant systems,
such as seismic waves, Qphase and QE are properties of forced
oscillations and further deviate from each other and from other
definitions of Q.
Because the above Q values in (2)–(10) involve observable
–
quantities (even if only hypothetically observable, such as Emech,
and DE in (10)), these are “apparent” quality factors. In the
broadly used viscoelastic model, yet another, ‘material’
Q = Qmaterial is introduced to describe the intrinsic material’s
anelasticity (e.g., Dahlen and Tromp, 1998; Aki and Richards,
2002; Cormier, 2011). Such a Q is associated with each elastic
modulus of the material, and in the frequency domain, it gives
the negative complex argument of the modulus, similar to that
of the complex frequency (2). For example, for the shear
modulus, m, its complex counterpart is:


i 
µ* = µ 1 −  .
 Qµ 

(11)

 i
µ* = µ 1 − 
 Qµ 

This replacement of m with m* represents the correspondence
principle (Dahlen and Tromp, 1998; Lakes, 2009). Such modification of the modulus allows incorporating the effect of viscous
friction (i.e., the Naviér-Stokes law) in the generalized elasticity
(Hooke’s) law:

s = m *e ,

(12)

where e is the complex strain including the strain rate and s is
the total complex stress, also including the stress rate. The
complex stress is thus delayed by the phase lag f in (8) relative
to e . In the time domain, eq. (11) leads to the “memory” of the
material (time-dependent modulus m (t)), and eq. (12) — to
reciprocal, time-delayed strain-stress relations (Anderson and
Archambeau, 1964):



σ ()t = ∫ µ (t − τ )ε ()τ dτ for modulus µ()t ,
t

−∞

t

 σ ( t ) = ∫−∞ µ ( t − τ ) ε (τ ) dτ for modulus µ (t ),

t
 ε ( t ) = ∫ J µ ( t − τ ) σ (τ ) dτ for compliance J µ (t ).
−∞


(13)

ε ()t = ∫ Jµ (t − τ )σ ()τ dτ for compliance Jµ ()t .
t



−∞

The viscoelastic Q in eq. (11) is also not automatically equivalent to the empirical quality factors above. This Q is the closest
to the energy definition (10) or tanf in (8) for forced oscillations
(waves). Most importantly for our discussion, the viscoelastic Q
in eq. (11) is part of a very specific mechanical model, which is only
designed for solids and given by the phase-delayed stress law
(12). This model is supposed to be a simplification of the full
physical picture, based on the hypothesis of “imperfect elasticity” (ibid). This hypothesis assumes that: i) within a solid, the
cumulative effect of all types of internal friction is proportional
to the elastic modulus, and ii) there exists a definite, materialspecific stress-strain relation such as (12) or (13). These assumptions are probably acceptable in materials science and
engineering, where mechanical tests are relatively representative of the applications of interest, the shapes and sizes of the
specimens are relatively limited, and the conditions of testing
(loading schedules, temperatures, thermal insulations, etc.) are
relatively “standardized”. However, internal friction is due to
broad variety of causes such as sliding on grain boundaries,
movement of dislocations, inclusions of fluids, diffusion of
point defects, thermoelasticity, electronic, ionic, magnetic, and
other effects. Most of these effects are unrelated to the elastic
moduli, but each of them brings in the corresponding internal

variables and specific equations of motion (Nowick and
Berry, 1972; Lakes, 2009). Excluding all of these variables and
leaving a single reciprocal relation s ↔ e (eqs. (12) and (13)) is
only possible when some standard testing conditions are
implied to level all the other factors. However, in geophysics,
we are often interested in conditions which are far beyond those
encountered in the laboratory (long wavelengths and times,
grain- to reservoir- and planetary-scale dimensions and heterogeneities), and the above assumptions can hardly work.
Therefore, a more comprehensive theory of dissipation in Earth
media is required.
The principles of a rigorous theory of solids and fluids have
long been established in continuum mechanics (Landau and
Lifshitz, 1986) although little used in geophysics. In this theory,
the problem of internal friction is readily tractable in substantial
detail. In the following, we apply these principles to modeling
seismic attenuation experiments in the laboratory. We only
focus on the macroscopic theory, test two physical mechanisms
of internal friction, examine the meanings of the commonlyinferred Q’s, and also evaluate their dependences on the experimental settings. At the same time, we focus only on the central
principles of designing and interpreting such experiments
(which are the correspondence principle and the concepts of
material memory and Q) and do not consider numerous experimental details and corrections involved in laboratory measurements of attenuation (e.g., Bourbié et al., 1987; Jackson and
Paterson, 1993).

Models
The following mathematical models are specific to several
devices often used for laboratory observations of mechanicalenergy attenuation at seismic frequencies (Jackson and
Paterson, 1993; Cooper, 2002; Tisato et al., 2010). Two types of
experimental apparatuses have been built for this purpose by
using cylindrical rock samples (Figure 1). The systems consist of
two cylinders, which are welded together along the z-axis and
held at the base subject to a static or periodic driving force
applied at the opposite end. This force can be either compressional along the length of the cylinder (Tisato et al., 2010) or
torsional (Jackson and Paterson, 1993) (Figure 1). The advantage of the first of these designs is in assessing the longitudinal
deformations, whereas the second focuses on shear deformations. Ideally, it would be best to carry out both of such experiments with the same specimen.
In our model, the cylinder attached to the base is the specimen
in which the energy dissipation is being measured, and the
second cylinder is the elastic standard (Figure 1). The standard
is assumed to have zero internal friction, as in the apparatus by
Jackson and Paterson (1993). In reality, the dissipation from the
standard is also nonzero (for example, because of the friction
with the surrounding gas or fluid), which is corrected for by
adjusting the resulting data. Under sinusoidal external forcing,
the deformation of the specimen will lag the standard by a
phase-lag angle d, which is measured.
In the viscoelastic model, the deformation of the standard is
expected to be in phase with the driving force, and therefore is
interpreted as the stress-strain phase lag f within the specimen,
as in eq. (8). Again subject to the viscoelastic model, 1/tanf is
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using the Lagrangian approach, Jeffreys and Ricker proposed
such media, which they called “firmoviscous”, for describing
seismic-wave attenuation (see Knopoff and MacDonald, 1958).
Note that Coulman (2012) used notation ηK and ηm for these
parameters, to highlight the analogy of (15) with the functional
form of relation (14). Here, we prefer notation ηD and ηe to
emphasize that these viscosities correspond to the bulk and
shear deformations but are unrelated to the elastic moduli.

Figure 1. Models of mechanical testing: a) by longitudinal compression, b)
by torsion.

assumed to equal its QE (10) and be a property of the material
(ibid). However, these assumptions are only simplifications,
which disregard, for example, the dependences of tand, tanf,
–
Emech, and DE on the dimensions of the cylinders. Similarly, the
“viscoelastic stress” s in (12) includes all stresses within the
material and does not differentiate between the elastic, viscous,
thermoelastic, and other frictional and inertial stresses. To avoid
such uncertainties, we predict the observable tand from first
mechanical principles, and show that the simple formula (8)
may be insufficient.
Another type of experiment using a similar arrangement of
cylinders (Figure 1) involves measurement of the width of the
spectral peak near resonance. In this case, the standard may be
omitted. The specimen is driven by either compression or
torsion applied to its end, and the harmonic displacement
amplitude is measured. From this amplitude, Qspectral is derived
by using eq. (7), and the parameters of internal friction are
further estimated.
To write the equations of motion for the system, we use the
Lagrangian formulation of analytical mechanics. This approach
is based on the functional form of the Lagrangian given by
L = T – V, where T and V are the kinetic and potential (strain)
energies of the system, respectively. For an extended elastic
system, such as shown in Figure 1, the Lagrangian is (Landau
and Lifshitz, 1986):


ρ
K 2
(14)
 2 ui ui − 2 ∆ − µε ij ε ij  dV ,
where u is the displacement vector, D≡ e ii is the dilatational
strain, e~ ij ≡ e ij – (D/3)d ij is the deviatoric strain tensor, D≡ e ij –
(D/3)D ij is the strain tensor, e ii is the density, K and m are the
L=

∫

V

 ρ K 
L = ∫ uui i − ∆2 − µεεij ij dV
V2 2

bulk and shear moduli of the medium, respectively, overdots
indicate the time derivatives, and summations over all pairs of
repeated spatial subscripts i,j = 1, 2, 3 are implied. In Newtonian
solids or fluids, the mechanical friction is described by the dissipation function, which is constructed similarly to the
Lagrangian (ibid):

D=

∫

V

 η∆  2
  
 2 ∆ + ηε ε ij εij  dV ,

(15)


 η
D = ∫ ∆ ∆ 2 + ηεε ijεij dV
V 2

where ηD and ηe are the bulk and shear solid viscosities of the
medium. Note that these viscosities are very general and only
established from the principle of isotropy (ibid). These viscosities have the same roles as the viscosities in the well-known
Navier-Stokes equations in fluid mechanics. Although not

Specifying the pair of functions L and D completely describes
the “rheology” of the material, which is the relation of the
elastic and viscous stresses to the strain, e, and strain rate, ė.
Here, we only consider linear elastic responses, with function L
in (15) being quadratic and consequently giving stresses
proportional to deformation: s ∝ e. Quadratic functions D of
type (15) also lead to frictional stresses proportional to the strain
rates: s ∝ ė . Such viscosity is typical for fluids at slow flow
rates and to metals (Landau and Lifshitz, 1986). In rocks and
polymers (below), frictional stress appears to increase slower
than ė , but at the same time, static friction (which is finite at
near-zero ė ) may exist. To approximate such behaviours, an
empirical rheologic law s ∝ ė n is often used for plastic creep
(Nabarro and de Villiers, 1995), including creep in rock samples
and also geodynamic mantle flows (with n ≈ 1 to 3.5;
Karato, 2008). Such a dependence of s on ė would result from
including power laws with exponents n =(1/n+1)/2 into the
bulk and shear parts of the dissipation function:

  ∆ 2  ν ∆
ν 
2
2 ε
(16)
∫V η ∆  2 τ r  + ηε εij εijτ r  dV .


With both exponents n equal one, this dissipation function
1
DN = 2
τr

(

)

1   ∆ 2  νε 
DN = 2 ∫ η∆ τr2 +ηε εετij ij r2 dV
τr V 2


ν∆

()

corresponds to linear, Newtonian viscosity (15), to which we
subsequently refer as the “wet” limit. The other important limit
is n = ½, which corresponds to “dry” (Coulomb) internal friction, in which the stresses are independent of strain rates.
Expression (16) also shows that nonlinear viscosity requires a
characteristic time scale, tr , which is needed to maintain the
correct dimensionality of D. With varying tr , the values of ηD
and ηe scale accordingly. Because of this scaling ambiguity and
without loss of generality, parameter tr can be fixed and
included in the units for η. In the following, we use tr = 1 s.
Expression (16) is one type of a simple power-law generalization of the Newtonian dissipation function (15). With this
choice, the resulting power-law dependence of the attenuation
coefficient (see below) applies to both its frequency dependence
(caused by the time derivatives in ė ij ; see below) and also to the
dependence on the magnitude of deformation. An alternate
approach could be to require that internal friction should
remain linear with respect to the deformation strength. This type of
viscosity is given by the following dissipation function:
1
DL = 2
τr
1−ν∆ ν∆
1   ∆2  ∆2  1−νε νε 
DL = 2 ∫ η∆ τr2 +ηε εεij ij εετij ij r2 dV
τr V  2  2

( )( )

  ∆ 2  1−ν ∆  ∆ 2  ν ∆
2
∫V η∆  2   2 τ r  + ηε εijεij


(

) (ε ε τ )
1−ν ε

ij ij

2
r

νε


 dV . (17)



Here, subscript ‘L’ stands for “linear with respect to strain
magnitude”. Functional forms D, DN, and DL are certainly not
exhaustive but represent simple, single-parameter (n ) models
convenient for testing the effects of linear and nonlinear dissipation. Multiple models of such kind can be combined to create
more complex rheologic laws.
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With any choice for L and D, by utilizing the simple geometry
and relatively low frequencies of the above experiments, the
deformation of each of the two cylinders can be considered as
near-uniform and described by a single non-dimensional variable, a i , where i = 1 for the standard and i = 2 for the specimen.
We define these variables as (Figure 1):

αi =
αi =

∆H i
Hi

∆H i
for longitudinal deformations, and
Hi

α i = ∆θ i

for torsional deformations.

usual convention about low bulk dissipation made in seismology. Although some observations contradict this convention and it is likely not always true (Knopoff, 1964),
approximation ηD ≪ ηe is a convenient starting point for
comparisons with the conventional models.
Phase-lag Q

(18)

When looking for a stationary oscillation a m (t)= a m exp(–i w t)
resulting from a harmonic driving force Fn(t)=Fnexp(–i w t), eqs.
(21) yield a matrix equation:

(19)

α i = ∆θi

 α   F 
K 1  =  1  ,
 α 2   F2 

As shown in Appendix A, the Lagrangian and Newtonian dissipation functions in both of these cases can be written in matrix
forms: L=a˙ iTij a˙ j – a˙ iVij a˙ j and D=a˙ i Dij a˙ j , respectively, with
matrices T, V, and D shown in Table 2. The Euler equations of
motion with the external generalized force Fn become (Landau
and Lifshitz, 1976):

ddt ∂L ∂∂ D ∂L
+ − =F
∂α n α n ∂αn n

d ∂L ∂D ∂ L
+
−
= Fn ,
dt ∂α n ∂α n ∂α n

K

(20)

Tnmαm + Dnmα m + Vnmα m = Fn .

~

(21)

These equations can be solved in the time or frequency
domains, yielding the desired observed effects.

α i

Results
α i

∂∂DN ,L

α i

= α i

∂ DN ,L
∂α i

∂ D2
∂α i

= α i

,

(23)

∂∂D2
α i

where a i is the generalized coordinate in eqs. (18) or (19).
. ~ . .
Writing the new quadratic function as D 2 (a )=D ij a i a j /2 and
assuming that the deformations of the two cylinders are not
coupled by dissipation (i.e., taking a diagonal form for matrix
~
~
D ), the approximate D becomes:
∂ DN , L
α i
∂α i
(24)
D ii =
α i2

We simulated the mechanical systems shown in Figure 1 for
both torsional and longitudinal deformations by using equations (21), with parameter values shown in Table 3. These
parameters approximate the measurements on Plexiglas specimens by Tisato et al. (2010), with which we quantitatively
compare our results in the next section.
Among the medium parameters (Table 1), we take the bulk
viscosity ηD of the specimen as equal zero and only study the
effects of ηe . This choice is arbitrary and only suggested by the

α i
D ii =

∂∂DN , L
α i

α i2

(there is no implied summation over i in this expression).

Table 1. Model parameters used in simulations (Figure 1)
Standard (aluminum)

~

where K= –w 2 T–iw D +V, and matrices T, V, and D shown in
Table 3. We use this equation for both the Newtonian viscosity,
~
for which D =D, and also for the two non-linear cases. For
nonlinear viscosity, we first solve the dissipation-free case and
select the desired (fundamental) oscillation mode. For this
mode, we reduce the equation of motion to (21) in an approximate sense, by replacing the non-quadratic dissipation functions DN or DL with a quadratic one, D2, which dissipates the
same average amount of mechanical energy. This dissipated
power is given by the time-averaged products of frictional
forces and velocities:

leading to a system of linear differential equations:
Tnmαm + Dnmαm +Vnmαm = Fn

 α   F 
1
= 1
α2
F2

(22)

Sample (Plexiglas G, 2002)

With the appropriate approximation for
D, the inverse of (22) is (Appendix A):
 α 
 F 
1
1
(25)

 = K −1 
.
 α 2 
 F2 
 α 
1

α2

Parameter

Value

Parameter

Value

Cylinder length

H1

0.080 m

H2

0.250 m

Radius

R1

0.033 m

R2

0.076 m

Density

1

2700 kg/m3

2

1180 kg/m3

Poisson’s ratio

s1

0.334

s2

0.35

Shear modulus

m1

26.0 GPa

m2

1.15 GPa

Young’s modulus

E1

70.0 GPa

E2

3.10 GPa

Viscosity in axial
deformation

𝜂E,1

0 Pa. s

𝜂E,2

2.02 MPa. s

Shear viscosity

𝜂e ,1

0 Pa. s

𝜂e , 2

0.82 MPa. s

Bulk viscosity

𝜂D,1

0 Pa. s

𝜂D2

0 Pa. s

= K −1

 F 
1
F2

The resulting a 1 represents the deformation of the standard, while a 2 represents the deformation of the sample
(Figure 1). Both of these values are
complex quantities and functions of w,
which allows evaluating all types of the
observable Q values in eqs. (2)–(8).
In particular, the phase lag between
the deformations of the standard and
specimen equals:
α 
tan δ = Arg  2  .
 α1 
tan δ = Arg
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(26)

 α 2 

α1

Figure 2 shows this phase lags for
Newtonian rheology as functions of the
driving frequency.

Models of seismic attenuation measurements in the laboratory
The low-frequency limit is the most important for practical
phase-lag measurements. For frequencies w much lower than
the frequency of free oscillations, the kinetic-energy term –w 2T
can be dropped from K in eq. (21):
 α
1

 α 2
 αα 
12

( )

≈ −iω D + V


 +V
 ≈ − iω D


(

)

−1

 F 
1

.
 F2 

(27)

(

12

(I+ iωDV )V

E
.
(33)
I
As expected, w 0 is inversely proportional to the length of the
specimen: w 0∝1/H. An expression for Dw can be found by
solving for w at half-maximum of the power amplitude function, which gives:

ω0 =

ω0 =

 FF 

−1 12

This is the quasi-static limit of a “massless” system, similar to the
spring-dashpot systems often used to illustrate the viscoelastic
effects (e.g., Nowick and Berry, 1972). For weak dissipation, this
solution can be further expanded with respect to
~
||w D ||≪||V||:
 α 
 F 
1
 −1 V −1  1  ,
(28)

 ≈ I + iω DV
 α 2 
 F2 
 αα ≈

For nonlinear rheologies, parameter ηE is the effective viscosity
taken at the natural frequency w 0 (Table 3). For weak damping,
the value of w 0 can be obtained from the equipartitioning of
energy, which requires T = V, and consequently:

)

ηE
1
(34)
∝ 2 .
I
H
Combining eqs. (24) and (25) shows that the spectral Q for the
axial oscillation of the cylinder is proportional to H:
∆ω =

η
∆ω = E ∝ 2
I H1

 FF 

−1 −1 12

where I is the unit matrix. Therefore, the phase lags of a 1 and a 2
relative to the force equal:
 φ 
 F 
1
 −1  1  .
(29)

 ≈ ω DV
 φ2 
 F2 
 φ 
12

φ

≈ ω DV −1

Qspectral =
IE
Qspectral = ∝ H
ηE

 F 
12
F

Qspectral =

From (29), similar to eq. (6), the measured low-frequency phase
lag between the specimen and the standard is proportional to
viscosity and equals to:

δ=

ηE
ω
E

ηE
ω for longitudinal deformations, and
E

δ=

Qspectral =
Qspectral =

ηε
ω
µ

(35)

1
ρµ
3
H for torsional oscillations, and
ηµ

(36)

1
ρµ
Qspectral = 3 H
ηµ

(30)

η
(31)
δ = ε ω for torsional deformations,
µ
where E and m are the Young’s and shear moduli, respectively,
and ηE and ηe are the “effective” viscosities for the corresponding deformations (Table 3). Note that these viscosities are
proportional to w 2n –2, and therefore d ∝ 2n –1 . For Newtonian
rheology, these phase lags are independent of the dimensions of
the standard and rock specimen, which makes them relatively
reliable estimators of the intrinsic parameters of the rock.
However, for non-linear rheologies, phase lags depend on the
dimensions and the Poisson’s ratio of the specimen (Table 3).
Also, because of the frequency dependences, not the phase lags
themselves but rather products w 1–2n d represent the important
intrinsic properties of the specimen, similarly to relation (9).
These intrinsic properties are the ratios of the geometricallycorrected viscosity parameters ηnl to the corresponding elastic
moduli (Table 3).

IE
∝H .
ηE

Using parameters from Table 3, the spectral Q’s for the two
cases can be explicitly written as:

The measured phase lag is the difference d = f 2 – f 1.

δ=

E
I

13  3R22 2 
ρ 1+ σ E
2H

ηE

H

1 
3R2 2 
ρ 1+
σ E
3  2 H 2 

ηE

H for longitudinal oscillations. (37)

Thus, unlike for Qphase at low frequencies, the length and radius
of the specimen affects Qspectral (Figure 3). For all experiments,
spectral Q is inversely proportional to the appropriate effective
viscosity and proportional to the square roots of the elastic
modulus and density. Additionally, for longitudinal deformations, dependences on the radius, specimen length, and the
Poisson’s ratio are present (eq. (37)).

Spectral Q
Another method for measuring the anelasticity of a rock specimen is by using the width of the resonance peak in the power
spectrum (eq. (7)). A standard is not required in this case, and
for one cylinder, the equations simplify considerably. For
brevity, we only consider the longitudinal deformation here.
The kinetic and potential energies and the dissipation function
for a single cylinder are (the inertial parameter I is given in
Table 3):
T=
1
T = π R2 HIα 2
2

1
1
1
π R 2 HIα 2 , V = π R 2 HEα 2 , and D = π R 2 Hη Eα 2 .
2
2
2
12
V = π R2 HEα 2

(32)

Figure 2. Tangents of phase lags between the standard and specimen for
torsional and longitudinal deformations as functions of driving frequency.
Stars indicate the frequencies of the fundamental-mode oscillations.

12
D = π R 2 Hη Eα 2
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Creep
To examine the longitudinal or torsional creep, we again
consider a system with only one cylinder (Figure 1) but solve it
in the time domain. In this case, (21) is a scalar differential
equation with respect to the single variable a(t):

I
(38)
α + α + α = F for linear rheology (15),
2
Mτ

I
α + α + α = F
Mτ 2

I 2ν−1 
α + α + α = F
Mτ 2


I
α + α 2ν −1 + α = F for non-linear rheology DN in (16),
2
Mτ

(39)

and

I 2ν−1 2−2ν 
α +α α +α = F
Mτ 2

where constant C is still controlled by the value of I, which
c of the initial acceleration of
determines the duration t 0 ≈ I/η eff
the body and the resulting initial deformation a0 = CF̂. This

initial deformation can also be estimated as α ≈ α τ 2τ ≈ FMI (η ) .
Thus, for t 0 ≪ t , the behavior of the elastic body with linear
viscosity and mass consists of a small near-instantaneous,
“elastic” deformation followed by exponential creep (42)
(Figure 4).
0

(

c
τ = ηeff
M

)

κ

c
eff

2

In the general case of I π 0, eq. (38) can also be integrated, giving
a combination of two solutions exponentially decaying with
time (Coulman, 2012):

   sinhωβt  
α ()t = F 1− exp(−βωt) coshωt +
1− 1 2



sinh ω t  
α (t ) = F 1 − exp ( − βω t )  cosh ω t +
 ,


1 − 1 β 2  


(43)

where β = η (2 MI ) , ω = ω β − 1 , and the non-dimensional natural
frequency ω = τ M I . This non-oscillatory solution is appropriate
for high viscosity, for which  > 1. This deformation history is
also shown in Figure 4.
2

c
eff

ω = ω0 β2 −1

0

()

β = ηceff 2 MI

0

ω0 = τ M I

(41)

( )

τ = ηeffc M

2

()


I
α + α 2ν −1α 2−2ν + α = F for non-linear rheology DL in (17), (40)
Mτ 2

where F̂ = F/M is the non-dimensional generalized force,

2
0 0

 2
α0 ≈ ατ 0 02 2τ2 ≈FMI ηecf

κ

is the characteristic time scale in which k =1(2 n –1), and the
derivatives are evaluated with respect to the non-dimensional
~
c (effective viscosity for
time t = t/t. Parameters I (inertial), η eff
creep), and M (elastic modulus) for the two cases are listed in
Table 2. To simplify the notation, we incorporated factors t r2–2n
c in eqs. (39) and (40). This
(with t r = 1 s) in the values of η eff
c but changes its dimensionality.
retains the numeric value for η eff
For n = 1, these three equations are identical.

For nonlinear rheologies, the relaxation has different shapes. In
the case of eq. (39), the quasi-static part of the solution can again
be found analytically. Denoting the “relaxing deformation”
(distance to the static limit) by a R = F̂ – a, the equation of motion
becomes:
α R = −α κR

α R = −α κR ,

(44)

Similarly to the phase-lag case, the observationally important
parts of the solutions to eqs. (38)–(40) are given by their quasistatic limits, which are obtained by dropping the inertial terms
containing factors I. In all three cases, these quasi-static solutions represent relaxations of different shapes but occurring
within the same time scale t . The solutions only depend on the
non-dimensional force F̂ and rheologic parameter n. For linear
rheology (38), the relaxation is linear in F̂ and exponential in
time:

(42)
α ( t ) = F 1 − (1 − C ) exp ( −t )  ,

and the resulting solution is straightforward (Figure 5a):

Figure 3. Spectral Q simulations for varying cylinder lengths. The longitudinal-mode Q (solid line) includes a small non-linear term due to the
shape of the cylinder. Viscosity values ηE = 0.163 MPa.s and
ηe =0.072 MPa.s were used for the axial and torsional deformations,
respectively.

Figure 4. Linear creep response (eqs. (43) and (42)). What appears to be
high velocity near t = 0 is in fact rapid acceleration shown in the inset.

 1
αR ()t = F1−κ + (κ −1)t1−κ

1

α R ( t ) =  F 1−κ + (κ − 1) t 1−κ .

(45)

In laboratory measurements, the relaxation time for creep is
often measured by dividing the deformation remaining to the
.
equilibrium by its rate of decrease: t r = – a R /a R (Chopra, 1997).
From eq. (44), this relaxation time equals (in dimensional units):

tR = τα 1R−κ

t R = τα 1R−κ .

(46)


α (t) = F 1−(1−C)exp(−t)
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For exponential relaxation in a Newtonian rheology or in a
Burgers body (ibid), this characteristic time is independent of
the deformation magnitude: tR = t. For nonlinear solid viscosity,
this measure for tR depends on the deformation level at which
it is measured. For rheology DN, the dependence of tR on F̂ and
c can be estimated differently: from eq. (45), the characteristic
η eff
~
nondimensional relaxation time is t R ~F̂1–k/(k–1), and therefore

 1−κ c
κ
c
t R (ηeff , F ) = tRτ  F (ηeff M ) (κ − 1) . Consequently, for DN, the relaxation time decreases with increasing strength of deformation
(because k > 1).
 κ
tR ηecf ,F = tRτ F1−κ ηecf M (κ −1)

() ()

The dependence on the level of the external force is an important property of the non-linear creep in eqs. (45) and (46). Data
on such dependence for rocks are limited, as creep measurements are usually conducted at relatively high strains at which
both elastic and inelastic effects are likely non-linear. However,
by using eq. (40), we can also achieve a linear behavior with
respect to the strain (stress) magnitude. Denoting the forcemagnitude invariant deformation by a ’= a /F̂, this equation
gives:
I
(47)
α ′ + α ′ 2ν −1α ′ 2− 2ν + α ′ = 1 .
Mτ 2
In the quasi-static limit (I → 0), the solution to this differential
equation in implicit form is:
I 2ν−1 2−2ν
α ′ +α′ α ′ + α′= 1
Mτ 2

κ

α′
 a 2− 2ν 
t (α ′ ) = t0 + ∫ 
da ,
1 − a 
α 0′ 

(48)

~

where 0< a '0 < 1 is some arbitrary deformation level, and t 0 is
the non-dimensional time at which this level is reached.
The initial parts of deformation in which the inertial forces are
significant in eqs. (39), (40), and (47) can be obtained numerically. We use the 4-th order Runge-Kutta scheme (Butcher and
Wiley, 2003) to solve this equation from the initial conditions of
.
a = 0 and a = 0. For viscosities producing reasonable creep,
inertial effects are only significant within extremely short times
of ~10-10 to 10-2 of the “instantaneous” initial deformation (grey
lines in Figure 5).
Figure 5 shows the predicted creep histories for rheologies DN
and DL with n = 0.56 and 0.79. These values of n are suggested
by matching with experimental data for Plexiglas and olivine
discussed in the next section. Nonlinear dissipation produces a
near-instantaneous deformation followed by a slow creep
within the observation time scales. For example, in Figure 5b,
the last 10% of the deformation highlighted by the thick grey
line takes a ~106 longer time than the preceding 90%. Thus, the
initial part of the deformation occurs as a near-instantaneous
jump followed by a very slow creep. To quantify the duration of
this creep more rigorously, we used an empirical relaxation time
tR defined by the relation a R (t R )= a R (t 0 )/e, where t0 is the time
end of the “instantaneous” deformation. This t0 was determined
from the (negative) minimum of the second derivative of defor..
mation: min[a (t)]. In all examples in Figure 5, viscosity values

κ

 a2−2ν 
t (α ′) = t0 + ∫ da
1− a
αα′′
0

Figure 5. Model of creep histories: a) for Plexiglas, with power-law dissipation function DN with n = 0.56. Black lines are the quasi-static solutions for three
levels of external force leading to static strains 1.0×10-7 (solid line), 1.5×10-7 (dashed), and 2.0×10-7 (dotted). Grey line is the full solution for effective viscosity
η ceff = 1.6 kPa.s. b) The same for rheologic model DL; the full solution (grey) is for η ceff = 5.44 GPa.s. Grey line indicates the “creep” portion of the deformation
history, and the preceding segment is the “instantaneous” deformation. Plots c) and d) are the same as a) and b) for n = 0.79 (as estimated for olivine), with
η ceff = 38.4 kPa.s and η ceff = 42.6 MPa.s, respectively
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are selected so that tR = 130 s measured in olivine (next section).
c , F̂), in order to keep t fixed
From the above relation tR(η eff
R
while varying parameter n and force level F̂, we need to select
c ∝ Mt 2n –1 F̂ 2n –2 . This
the effective viscosity accordingly: η eff
R
explains the acute sensitivity of viscosity estimates to the value
of n and strain levels (Coulman, 2012).
This predicted creep in Plexiglas is extremely slow, and the
material appears to show a near “instantaneous” response to a
step in stress. For the same reason, a very low viscosity of
several kPa.s would be needed to provide a creep within
~130 seconds (Figure 5a). For n = 0.79 (olivine; see next section),
the creep is much more pronounced. The “instantaneous”
response takes about 3% of the creep time, and the inertial
response is only another ~100 times faster (Figure 5d).

Comparison to observations
In this section, we first try explaining experimental data with
pure viscous forces. The key property of viscosity is in its relation to the spatial gradients of strain rates, macroscopically
described by the dissipation function, D. Microscopically,
viscosity in solids should be due to grain boundary sliding,
movements of dislocations, and as in fluids, to the Brownian
motion of its atoms and phonons. As shown in the preceding
section, the J(t) and/or Q(w ) dependences observed in various
experiments are controlled by the functional forms of D, such as
given in eqs. (15) – (17). These functional forms can therefore be
constrained from the observed J(t) and/or Q(w ) dependences.
For example, it is well known that the Newtonian rheology
(15) is inappropriate in global seismology, because it predicts a
plane-wave c ∝ w 2 and hence Q decreasing as c ∝ w –1 (eq. (29)),
whereas near-constant or increasing Q values are usually
observed for body waves (Knopoff, 1964). Because the
frequency-dependent Q and the associated transient creep seem
to be most studied in the context of mantle rocks, we use this
context in our examples. However, note that the concept of
viscosity was first used by Ricker (1941) to explain seismicwave attenuation in shales, and we can expect similar results
for sedimentary rocks.

By selecting the relaxation time (eq. (41)) and adjusting the
rheologic exponent n, reasonable similarity with creep observations can be achieved with using either DN or DL rheologies. For
example, the grey line in Figure 6 shows a Standard Linear
Solid (SLS) relaxation curve extracted from Burgers’ model for
Aheim dunite by Chopra (1997). This line can be viewed as
summarizing the experimental data for the anelastic (recoverable) part of the deformation measured in sample #4572-1 (ibid).
As shown by the solid black line in this Figure, very close deformation histories are also predicted by nonlinear rheologies DN
and DL with n = 0.79. Because of <1, the respective nonlinear
viscosity parameters ηe = 3.2 GPa.s and 25.6 GPa.s are much
lower than η=2040 GPa.s in the Standard Linear Solid (ibid).
Thus, in time-domain creep, systems with nonlinear viscosity
behave similar to the SLS, although the meanings and values of
their viscosities are strongly different. Similarly to combining
multiple Burgers’ or SLS models (Liu et al., 1976), data fit in
Figure 6 can be improved by combining DL or DN terms in (16)
or (17) with different exponents n and viscosities. This would
mean simply adjusting the form for the viscous friction but not
“multiple viscoelastic elements” often considered in
viscoelastic interpretations (Cooper, 2002).
To compare the nonlinear-viscosity model to phase-lag laboratory data, we use the longitudinal Qphase in Plexiglas samples
recently measured by Tisato et al. (2010) and kindly provided
for this study (Figure 7). The experimental data are shown in
this Figure in two ways: 1) in the conventional form of
Q –1phase = tand (Figure 7a), and 2) in the form of the temporal
attenuation coefficient, c in eq. (1) (Figures 7b and c): c = w tand
Compared with Q(w ), functions c(w ) often reveal simpler
(often near-linear) dependences in the data, which can be
related to the variations of geometric spreading, scattering and
different wave modes (Morozov, 2008, 2010a, 2010b). In the
measurements, quantity c is also free from the ambiguities and
assumptions (such as the form and accuracy of the background
geometric-spreading model) contained in the definitions of Q.
In Plexiglas data (Figure 7a), the dissipation is relatively strong
(tan d ≈0.06 or Qphase ≈ 13–15) and exhibits a ~20% “absorption
peak” at frequency ~2.5 Hz, with
tand ≈0.07. In the c(w ) form (Figure 7b),
this absorption peak is transformed into a
change of the rate at which c increases with
frequency. Note that the slope of this function can also be interpreted as an “effective
Q” value (Morozov, 2008):
dχ
1
.
(49)
=
dω 2Qe
dχ 1
=
dω 2Qe

Figure 6. Non-linear creep approximating the anelastic part of Burgers’ model (i.e., its Standard Linear
Solid) for an Aheim dunite sample (Chopra, 1997). Nonlinear model parameters shown in the legend,
and the Burgers’ model parameters are (ibid): shear moduli ms = 15.75 GPa (responsible for relaxation)
and mt = 64.34 GPa (responsible for unrelaxed stress), and viscosity η = 2040 GPa.s.
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The near-constant background of tand≈0.06
can be explained by solid viscosity with
n ≈ 0.5, which is equivalent to dry
(Coulomb) internal friction. After subtracting
this constant level from tand, the absorption
peak becomes isolated. Such peaks, and
particularly their upper slopes are most
important for interpretation (Figure 7a).
A broad “absorption band” of such kind
was associated with the Earth’s mantle
attenuation (Anderson et al., 1977), and a
similar decrease in Q-1 is recognized as the

Models of seismic attenuation measurements in the laboratory
“high-temperature background” in material science
(Cooper, 2002). In the form of the energy dissipation rate, c, the
peak in tand corresponds to the parameter Qe increasing from
~13 at ~0.5 Hz to ~17.5 above ~20 Hz. (Figure 7b).
By constructing an appropriate function D, the entire observed
c (w ) variation (Figure 7b) can in principle be attributed to
nonlinear viscosity. However, for larger strain rates, this function
would behave similar to the power law (17) with n < 0.5, meaning
that the force of friction would decrease with increasing strain
rates. Although such behavior is possible and maybe even likely,
we would still like to explore alternate explanations for such a
slow increase of c (w ) with frequency. Other likely causes for
such behavior could be scattering (Dainty, 1981; Morozov, 2010a)
or many non-mechanical, kinetic effects occurring within a
deformed material (Nowick and Berry, 1972; Karato, 2008).
Among these effects, thermoelastic dissipation is the most fundamental and likely present in laboratory environments, and we
consider it in the next section.
By taking into account the thermoelastic absorption peak,
Coulman (2012) estimated that the rheologic exponent for
Plexiglas could be somewhat higher than 0.5: n ≈0.56. He also
modeled a creep experiment in a sample with such solid
viscosity. Note that this value is still much lower than n ≈ 0.79
for dunite (Figure 6). However, this model required the level of
thermoelastic dissipation somewhat stronger than appropriate
for Plexiglas at room temperature (see next section). To overcome this problem, it appears that for small deformation rates
(sampled by frequencies below ~2.5 Hz; Figure 7a), D could
.
behave as ∝|e|1.12, whereas for faster rates it could still be
.
closer to ∝|e|. Interestingly, at the lowest frequencies, the data
suggest a slightly different non-linearity, which is a combination of “dry” viscosity (with n = 0.5)) with a small amount of
“wet” behavior (n = 1) described above. This would give a D of
.
.
the form D ∝ 0.28|e|+0.005|e|2 (Figure 7c). However, this
dependence of the phase lag on frequency might also represent
the beginning of the dissipation peak.

Thermoelastic explanation for the dissipation peak
Thermoelastic effects are most pronounced in heterogeneous
systems, grainy, polycrystalline materials, and they can lead to
tanf decreasing with frequency (Landau and Lifshitz, 1986).
Thermoelastic dissipation consists in heterogeneous pressureinduced heating of the specimen and its surrounding environment, with the heat being redistributed concurrently with
deformation. Because nearly all materials exhibit thermal
expansion, this effect takes place in practically all materials,
including perfectly elastic ones.
Thermoelastic dissipation is significant for Earth materials. The
temperature variation in a solid or fluid due to adiabatic
deformation equals (ibid, §79):
δT = −
δT = −

TK Aα
∆ ,
ρC p

(50)

TKCApα
∆
ρ

where T is the equilibrium temperature, D is the dilatational
strain (relative volume change), KA is the adiabatic bulk
modulus, Cp is the specific heat at constant pressure,  is the
density, and a is the thermal expansion coefficient at constant
pressure. For granite, basalt and olivine at deep crustal and
mantle conditions, respectively (Table 4), relation (50) gives the
relative temperature variation close to the volumetric strain:
d T/T≈ –0.3D, –0.5D, and –1.0D, respectively. The maximum
level of thermoelastic energy dissipation can be estimated from
the Q-factor of the idealized hysteresis loop (Figure 8a):
Q–1 ≈ 2DK /p, where the modulus defect DK is the relative
difference between the adiabatic and isothermal bulk moduli
(ibid, p. 15):
K − K I K AT α 2
.
(51)
∆K ≡ A
=
KI
ρC p
∆K ≡

K A − KI K ATCα 2
=
KI ρ p

For the Earth’s materials above, this gives the thermoelastic Q’s
of ~200, 300, and 34, respectively. These values are below the
typical Q’s for seismic waves (600–1100 for the crust and 80–400
for the mantle), showing that thermoelasticity could account for
the attenuation of seismic waves. In exploration environments
(for example, sandstone in Table 4 at room temperature T ≈ 300
K), DK is about 0.002, which means that thermoelasticity is
comparatively weak and could account
for Q–1 ≈ 700. For Plexiglas used in this
paper (Table 4), thermoelastic hysteresis
is significant and can account for phase
lags of about 1/Q = 0.005–0.012.
Although somewhat lower, these values
are comparable to the height of the
absorption peak of tanf ≈ 0.017
observed in the phase lag (Figure 7a).

Figure 7. Longitudinal phase lag data in a Plexiglas cylinder by Tisato et al. (2010): a) in Q-1(f) form, b) in
c(f) form, c) zoom-in into low frequencies. In plots b) and c), linear trend c(f) = 0.57 p f was subtracted
from the values to emphasize the decrease in slope dc/df from low to high frequencies. Dashed line in plot
c) shows the suggested parabolic trend of c(w )≈ 0.28w +0.005w 2, where w = 2p f.
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Thermoelastic dissipation in heterogeneous systems shows complex variations with frequency, which can form
dissipation peaks similar to that shown
in Figure 7a. Depending on the relations
between the frequency w, grain size h,
wave speed c, and the thermometric
conductivity (also called thermal diffusivity)  = k/ C, three regimes of
thermal relaxation are recognized (ibid,
pp. 139–140). Two of these regimes are

Trevor Coulman, Wubing Deng, and Igor Morozov
spectral peak in absorption, whose frequency is determined by
the value of h.
The next important question is about whether the thermoelastic
effect in a laboratory experiment takes place within the specimen or on its surface, contact with the load cell or mounting
harness. From the observed peak frequency of ~2.5 Hz and
thermal parameters of Plexiglas, Coulman (2012) estimated the
“grain-size” value as h ≈ 0.15 mm. Such a small h suggests that
the thermoelastic effect should indeed occur on some granularity within the specimen. Although such granularity is not
obvious in Plexiglas, it still appears possible mechanically. If
such “granularity” is found, the thermoelastic mechanism
could be a likely contributor to the observed dissipation spectra
(Figure 7), although additional studies of the conditions of this
experiment are clearly needed.

Discussion

Figure 8. Thermoelastic hysteresis loop in a perfectly elastic material,
obtained by adiabatic loading (A➞B), thermal relaxations at constant
stress (B➞C), unloading (C➞D), and relaxation to the original state
(D➞A). Mechanical-energy dissipation occurs because of the varying
temperature and the adiabatic elastic modulus, KA, being larger than the
isothermal modulus, KI. The area of the hatched triangle is the peak elastic
energy, and the area shaded grey is the energy loss in one cycle; the ratio
of these values is the quality factor.

The most significant general conclusion from the above models
is that the inelastic (including recoverable, anelastic) effects in
solids are fully tractable by the conventional mechanics.
Explaining the observations becomes specific and quantitative,
and it does not require specialized “viscoelastic” properties,
such as the material Q or time- and frequency dependences of
the moduli. Similar to fluids, solids should cause resistance to
deformation rates, which can be macroscopically described by
the concept of solid viscosity (Landau and Lifshitz, 1986). For
isotropic materials, solid viscosity should exist for both bulk
and shear deformations, and for anisotropic cases, viscosity
properties should become more complex, similar to the
anisotropic elasticity. Despite the differences between the
temporal, phase-lag, spectral, and creep definitions for the
apparent Q’s, all of these quality factors are inversely proportional to the effective viscosity of the specimen. For solids, these
Q’s are also proportional to the elastic moduli, but this is only
because of the way the quality factors are measured.

relevant to the present case. At low frequencies w ≪ /h2, the
grains thermally equilibrate during oscillation, leading to
c ∝ w 2, similarly to the case of linear viscosity. The effective
viscosity resulting from such low-frequency thermoelastic
dissipation (i.e., the ratio c/w 2) can be much higher than within
the individual grains. At higher frequencies /h≪ w ≪ c/h,
thermal equilibration takes place by means of “temperature
waves” concentrated within narrow “skin layers” with thicknesses proportional to w –1/2 near grain boundaries.
Consequently, the frequency dependence for this case is
c ∝ √w , and the phase lags decrease with frequency as
tanf ∝ w –1/2. The transition between these two regimes forms a

Table 2. Parameter summary for time-domain (creep) problem.
Longitudinal

Torsional

Equations of motion

ceff
IM η 2ν−1 
α + α + α = F
M

ceff
IM η 2ν−1 2−2ν 
α + α α +α = F
M

I
ρ H 2  3  R  
1+ σ
3 2H
2

ν
2ν −1

c
η eff
ν  2ν 23νν+1 2ν 
η (1− 2σ ) + ηε (1+σ )
2ν−1 ∆


ηc
I
α + eff α 2ν −1 + α = F or
M
M


ηc
I
α + eff α 2ν −1α 2−2ν + α = F
M
M

2
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1 +  σ  
3  2 H  



ρH 2
3


2ν
2ν 
2ν +1
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νηε
 R
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rheology DN, also to the deformation strength. In Figures 5 and
6, all creep curves have the same observed relaxation time tR,
c =
which makes the viscosities for rheology DN range from η eff
.
.
1.6 kPa s (for weak deformation with n = 0.56) to 3.2 GPa s (for
c reaches the
strong deformation with n = 0.79). For DL , η eff
highest 25.6 GPa.s (Figure 6).

The properties measured in the laboratory, such as the time
dependence of compliance, J(t), or frequency dependence of
Q(w) are observable (i.e., “apparent”) characteristics. These
characteristics are determined by both the material properties
and the experimental environments, such as the dimensions of
the specimens, construction of the apparatuses, frequencies of
oscillations, and thermal regimes. As the above examples show,
the relations between the observed values and material properties are nontrivial and depend on the mechanisms of friction
and details of the experiments. For example, to convert the
phase-lag Qphase measured in a sample to its spectral Q or to
the ratio of material’s viscosity to the elastic modulus, one
needs to multiply Qphase by w 1-2n, as suggested by eqs. (30) and
(31). However, this correction implies knowledge of the type of
rheology (parameter n) and includes the dimensions and/or
Poisson’s ratio of the specimen, which determine the effective
viscosity (Table 3).

Our approach above addresses many details which remain
unseen when simply deriving empirical dependences, such as
J(t) or Q(w). Because of its focus on physical detail, the
approach highlights the limitations of the traditional
viscoelastic model, but it also reveals the further questions of
its own. The effects of different dissipation mechanisms (such
as nonlinear viscosity, bulk and shear dissipation, thermoelasticity on different heterogeneities, kinetic processes, or shapes
of the bodies) trade off with each other and may be not separable in the data. Also, several potentially important factors
were not considered in this study. For example, if the sample
(Figure 1) is submerged in a fluid (oil or argon gas), its deformation should cause fluid flows within the pressure vessel,

The inverted values of effective viscosity are extremely sensitive to the selected power-law exponent, n, and in the case of

Table 3. Parameter summary for frequency-domain problem*
Longitudinal

Torsional

(

 +V
δ = −ω 2 T − iω D

Equation of motion

)

−1
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−1 
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viscosities in bulk (ηD ) and shear dissipation (ηe ) within the
Earth is another difficult and intriguing question. In this
regard, note that although bulk attenuation is generally
assumed to be low compared to the shear one, Knopoff (1964)
suggested that this relation may be fortuitous and offered
several counter-examples. These topics will be considered elsewhere; here, they only illustrate that analysis of the true physical mechanisms of dissipation and determining their
parameters is fundamentally important.

leading to additional viscous dissipation of mechanical energy.
From a different perspective, when again applying our results
to the Earth’s mantle, an intriguing question arises about the
viscosity in near-elastic deformations (which must be correlated with the seismic Q-1) increasing with temperature and
thereby being anti-correlated to the plastic-flow viscosity (Sato,
1991). Again, in the viscoelastic model, this observation is
taken as an empirical property of the Q-1 (ibid), whereas in
physical models, it requires an explanation. The existence of
“physical dispersion”, i.e., the dependence of elastic properties
on oscillation frequency (e.g., Liu et al., 1976; Dahlen and
Tromp, 1998) is another major “viscoelastic” concept which is
not supported by the physical model. Note once again that in
an attenuative medium, the phase velocity Vphase of, for
example, an S wave does not equal √m/ but also includes
effects of internal friction. Therefore, the dispersion of the Swave Vphase does not mean frequency dependence of m or  but
simply follows from the presence of any type of mechanicalenergy loss within the medium. The relation between the

In this paper, we focused on establishing the theoretical basis
for a first-principle model of attenuation and its verification in
model experiments. For practical applications, such as calculation of attenuation factors for body or surface waves in exploration seismology, the model still needs to be developed, which
can be generally outlined as follows. The propagating medium
is described by intrinsic parameters such as the density, elastic
moduli, solid viscosities with the corresponding power-law
exponents (eq. ((16)), thermal properties, parameters describing
the heterogeneity and fracturing, etc. All of these parameters are

Table 4. Characteristic material properties used in the estimates of thermoelastic effects.
Property

Thermal
conductivity

Coefficient
of thermal
expansion

Density

Specific heat

Bulk
modulus *

Shear
modulus *

Symbol

k

a



Cp

K

m

Unit

W/m/

K–1

kg/m3

J/K/kg

GPa

GPa

Granite at 500 K

2.0 [3]

2.4×10-5

2700

790

57
(VP = 6200 m/s,
VS = 3600 m/s)

35
(VS =
3600m/s)

Basalt, gabbro,
diabase at 700 K

1.7-2.0

1.5×10-5

2800-3000

840

74-80
(VP = 6900 m/s)

40-43
(VS = 3800 m/s)

Polycrystalline
olivine at 1200 K

2.0 [2]

3.8×10-5 [1]

3251 [1]

1236 [1]

107.8 [1]

65.8 [1]

Sandstone

1.7

3.0×10-5

2200-2600

920

15
(VP = 3000 m/s,
VS = 1500 m/s)

5.5
(VS = 1500 m/s)

Plexiglas at 20°C [4]

0.19

(1.2-2.2)×10-4

1190

1470

2.96

1.15

*) Where K or m are is not available, we estimate them from characteristic seismic velocities:

4  5
K = ρ  VP2 − VS2  ≈ ρVP2 ,

3  9
 43 ≈ 59
K = ρ VP2 − VS2 ρVP2

Data sources:
[1] Anderson, O. L., and D. Isaak, (1992). High-temperature elastic constant data on minerals relevant to geophysics, Rev.
Geophys. 30, 57–91
[2] Xu, Y.; T. J. Shankland, S. Linhardt, and D. C. Rubie, F. Langenhorst, and K. Klasinski, (2004). Thermal diffusivity and
conductivity of olivine, wadsleyite and ringwoodite to 20 GPa and 1373 K, Physics of the Earth and Planetary Interiors, 143,
321-336.
[3] Average value characteristic for rocks.
[4] Plexiglas G, (2002).
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time- and frequency independent and include neither Q nor
material memory. Similarly to poroelasticity (Biot, 1956), all
equations of motion are derived from the variational principles
of mechanics and thermodynamics. By solving these equations
with the appropriate boundary conditions, solutions for the
attenuation coefficient, c (eq. (1)), are obtained for different
types of oscillations, such as body, surface, or tube waves, or
oscillations of samples in the laboratory. The oscillations would
exhibit attenuation effects; in particular, phase and group velocities of seismic waves would be dispersive as a result of, for
example, viscous or poroelastic friction. Thus, by abandoning
the complex-valued, time- and frequency-dependent medium
parameters, using clearly measurable physical properties (such
as viscosity) and differential equations instead of “memory
integrals” in time, the proposed model is actually much simpler
than the current viscoelastic model in practical applications.
Similarly to the present paper, the attenuation coefficient c (w)
in eq. (1) must be modeled for a specific wave. While in certain
cases, Morozov (2010b) argued for the existence of the “intrinsic
attenuation coefficients” (similar to the conventional intrinsic
and/or scattering Q), these are not universal, and generally,
c (w) only relate to certain waves. However, once c (w) is
modelled for some wave, its dependence on the various parameters (especially on the amplitude and frequency of the source)
can be compared to observations and interpreted to yield
constraints on the mechanisms of attenuation (such as distinguishing between viscosities DL, DN, thermoelasticity, poroelasticity, or scattering). In this interpretation, it appears more
general and reliable to utilize the c (w) directly, without
converting it into the effective Qef f (w)≡c (w)/2w (Morozov,
2008). For many types of waves, the attenuation coefficient
often exhibits near-linear dependences c (w )≈ g + kw , and therefore the direct use of c (w) is straightforward and substantially
reduces the complication related to the frequency dependence
c ∝ w -1 embedded in the above definition of Qeff above (i.e., on
the implied assumption that c(w )∝ w , which is rarely correct;
for more on this, see Morozov, 2010).

Conclusions
Measurements of seismic attenuation using rock samples in the
laboratory can and should be modeled theoretically in much
greater detail than it is commonly done. Instead of the traditional, universal but relatively featureless frequency-dependent
Q(w), compliance J(t), or distribution of relaxation times D(t ),
physical models reveal several specific mechanisms of internal
friction. Detailed models explain the physical significance of
several types of Q factors measured in such experiments and
explore their dependences on experimental parameters.
Such a theoretical model was developed for phase-lag, spectralpeak, and creep attenuation measurements using one- or twocylinder systems in the laboratory. Two physical mechanisms of
dissipation were considered: 1) Newtonian and two types of
non-Newtonian solid viscosities and 2) thermoelasticity.
Modeling results show that the Q measured from the resonance
peaks can be significantly different from the Q determined from
strain-stress phase-lag observations. All of these Q factors are
generally proportional to the elastic moduli and inversely
proportional to the viscosities of the specimen, and they also

depend on other experimental parameters. Notably, the spectral-peak Q is nearly proportional to the specimen length. For
Newtonian solid viscosity, the phase-lag Q does not depend on
the dimensions of the specimen, but such dependence is present
when the rheology is non-Newtonian (which should be
common for Earth solids). At the same time, the phase-lag Q
depends on the oscillation frequency, with the rate of dependence determined by the rheology. For resonance-peak experiments, there also exists a relatively complex dependence on the
dimensions of the experimental device. These observations
should be significant for interpreting the Q data measured in
the laboratory, which are often assumed to directly represent
the intrinsic Q of the materials.
All three types of solid viscosities considered here predict axial
or torsional creep in specimens, with relaxation times
tR∝(η eff /M)k, where the exponent k depends on the selected
rheology, M is the appropriate elastic modulus, and η eff is a
combination of viscosity parameters. For torsional deformation,
η eff also depends on the shape of the cylinder, and for axial
deformations, it depends on the Poisson’s ratio. For nonlinear
rheologies, k > 1, and the creep shows a near-instantaneous
(“elastic”) initial deformation similar to those observed in
experiments with rocks. For the fully nonlinear rheology ( DN),
the relaxation time also reduces with strain magnitude.
A comparison of the modeled phase-lag Q-1(w) dependencies to
literature data for olivine-rich materials and to recent measurements in Plexiglas suggests that viscosity in solids should be
nonlinear and close to “dry” friction regime, for which frictional
stresses are nearly independent of the strain rates. Non-viscous
effects, such as thermoelasticity and scattering are likely causes
for the observed Q-1 decreasing with frequency and also for the
spectral peaks in phase lags observed in laboratory experiments.
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from which the dilatational (Dn) and deviatoric (en) strains can
be found in the usual manner. Note that there is no shear
contribution to strain in the compressional case.
Using the above decompositions for uc and ec, we evaluate the
contributions from pairs of variables a to the kinetic and
potential energies, and to the dissipation function:
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where additional subscripts ‘n’ and ‘m’ indicate the cylinders
(variables a). By taking the integrals over the volumes of the
two cylinders, expressions shown in the first columns of
Tables 3 and 2 are obtained.
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Models of seismic attenuation measurements in the laboratory
For torsional deformation, the displacements of any point in the
system can be written as follows:
 zr
 α 
νˆ 0   1 
u1 ( z , r ) = 
H
1

  α 2 

zr   α 1
νˆ  
H 2   α 2


u 2 =  r νˆ


and





,

(A6)

 zr  α12 
u2 = r νˆ νˆ
H2 α

 zr  α12 
u1 (z,r ) = νˆ 0
H1 α

The strain matrices for each cylinder can be determined from
the displacements:
 0

εn =  0


 0



0
0
r
α
2Hn n

0
r
α
2 Hn n
0










.

(A7)

 0 0
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r
εn =  0 0
α 
2 Hn n 



 0 r α
0 
 2H n

n



Note that in this case, there is no dilatational contribution to
strain. Taking the integrals (A3)–(A5) with such deformations
over the volumes of the two (or one) cylinders, the remaining
expressions in Tables 2 and 3 are obtained.
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