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ABSTRACT 

This article is addressed to the geophysicist in the field. 

Most geophysical remIts can be expressed as graphs or wz~veformu. The proper interpre- 
fation of these resuk requires some knowledge of the properlies of waveforms. Further, the 
value of the results can often be enhanced by various waveform manipulations or operattons. 

This article attempts to set out in graphical manner, without mathematics, the rudimentary 
properties of wavelorms and waveform operations. The treatment includes a simplified ac- 
C”“nt of: 

. Linearity 
0 Fourier Series 
l Amplitude and phase spectra 
. Amplitude-frequency and phase-frequency responses 
l Criterion of instrumental fidelity 
l Differentiation and integr&ion of waveforms 
. The spike 
. Imp”lae-responses 
0 Convolution 

The kernels of these discussions are staled in 28 easily-remembered propositions. No 
attempt is made to establish the proportions rigorously; the approach is by graphical itlustra- 
tion of their reasonableness. 

Whatever significance wiggles may have to the man in the street, to the geo- 
physicist they mean bread and butter. 

The geophysicist’s wiggles are waveforms - graphs of rcsistivity against depth 
in a hole, or of gravity against distance along a profile, OI of the vibration of the 
ground against time. Almost always, the value of these waveforms in the study 
of the earth can be enhanced by various waveform manipulations. 

These waveform manipulations, in mathematical form, are well known to 
electrical and communication engineers, but there is very little published at a less 
advanced level for the student from other branches of science. In this article we 
attempt to summarize the rules for the manipulation of waveforms, and to do this 
substantially without mathematics. In so doing, we sacrifice rigour and formality, 
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relying on graphical demonstration. We do not pretend that this is as good as the 
strict mathematical treatment; there is a risk that we may miss conditions or provisos 
which emerge from the mathematics, and, of course, no other treatment can 
possibly be as concise as the mathematical one. However, the graphical approach 
can give a rewarding understanding of the physical nature of the processes involved. 

The manipulations with which we are concerned may be effected by a 
physical system (a geophone pattern, for example, or an electrical filter), or by a 
numerical process (such as a terrain correction, or a digital filter, or the operation 
of constructing a synthetic seismogram). In any event, we have the situation de- 
picted in figure 1, and we must answer: 

l How can we specify the input waveform? 
. How can we specify the action of the enhancing or manipulating system? 
l Knowing these, how may we deduce the output waveform? 
. What have we gained, and what lost? 

This study, then, covers material essential both to proper interpretation of 
geophysical waveforms in terms of geological strata, and to the understanding of 
instrument specifications. 

FIGURE 1. The basic problem. 
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From the beginning, we must recognize two basic types of manipulation - 
the linear and the non-linear. A rigorous definition of linearity is more compli- 
cated than we need at this stage, and so we say simply: 

A linear manipulation is one whose action is the same whatever the 
amplitude or polarity of the input waveform. 

Thus a telescope is a linear device - it magnifies a distant object by the 
same amount, whether that “input” object is large or small. A seismic a.g.c. system 

however, is non-linear; it affords a degree of amplifica- 

p Liv&@ tion which depends on the magnitude of the input sig- 

6 ada 
nal. In this article we are concerned solely with linear 
operations; these, as we shall see, include such power- 
ful operations as the addition and subtraction of wave- 

ti 

forms, normal amplification and attenuation, integra- 
tion and differentiation, convolution and correlation. 

c These powerful processes fail in the presence of non- 
linearity. In practice we suspect non-linearity when- 
ever we find: 

l diodes in an electrical circuit, 
. backlash, or lost motion, or mechanical stops, or stickiness, in a mecha- 

nical device, 
. one-way valves’in a hydraulic system, or 
. when we know that hysteresis of some kind is present. 

Further, we must remember that even a nominally linear device can be linear 
only up to a certain limiting amplitude; thus the rim of our telescope must cut 
off images beyond a certain size, a loudspeaker distorts if driven too hard, a mag- 
netic tape saturates if the recording head is over-energized, and a geophone 
jumps off the ground if the peak acceleration of the earth exceeds lg. 

The virtues of linear operations are these: 

The order in which a train of linear operations is performed may be 

changed without affecting the final result. 
The output of a linear system can contain only those frequencies present 
in the input; no new frequencies csn appear. 

Thus a sine wave passes through a linear process and remains a sine wave; 
it may be changed in amplitude and shifted in phase, but it remains a single-fre- 
q”ency sine wave. 

Perhaps the simplest linear process is the addition of waveforms. We know 
well from everyday life that the addition of two waveforms does not change 
the information present in either waveform; two people may talk at the same 
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time, and the instruments of the orchestra are separately recognizable when 
playing together. Geophysicists, of course, never talk at once, and they tend to 
have regrettably little time for listening to music; however, all scientists share with 

small boys a predilection for dropping stones 
into ponds, and this gives an even better 

A.+ 

illustration of waveform addition two wave 
,,-\ 

\ 
systems generated by two stones pass 

I \ through each other unchanged. As they do. 
so, the wave pattern on the surface at any 

&, 
moment is the simple sum of the two systems. 

’ The addition of waveforms is also the 
to,*, I basis of Fourier synthesis, which is perhaps 
xc the most powerful illustration of the value 

of the sine wave and of the addition of wave- 
forms. We start with the Fourier Series. 

Any REPETfTlVE waveform, however complicated, may he viewed as 
the addition of sine (or cosine) waves whose frequencies are integral mul- 
tiples of that of the basic repetition. We call the basic repetition the 
“fundamental”, and the frequencies which are 2, 3, 4 . . . times that 
of the fundamental we call “harmonics”. 

Figure 2a illustrates two cosine waves, a fundamental of angular frequency 
w0 and a second harmonic of angular frequency 2 00, in phase at the time origin. 

Then Fourier tells us that these two waves will always add, without ambiguity, 
to give the third trace of figure 2a. Similarly this composite waveform, whenever 
it occurs, may always be regarded as the sum of the first two. 

In drawing figures of the type of 2a, we have three variables at our disposal 
the frequencies of the several components, their amplitudes, and the phase 
angle between them. Let us explore graphically the effect of changing these 
variables, and let us attempt to infer some. useful generalizations as we go. 

From figure 2a we note that the two constituent frequencies are quite clearly 
visible in the composite waveform, that no new frequencies are introduced by 
the. addition, and that the pattern of the waveform repeats with the frequency 
of the fundamental. 

From figure 2b we note that the addition of the fundamental and the third 
harmonic produces a different composite waveform in which the two constituent 
frequencies are still discernible. 

In figure 2c we use the same components as in 2a, but we shift the phase 
of the second harmonic by 90”. We still see the two component frequencies in the 
composite waveform, but we note that the shape of the composite waveform is 
changed. Evidently a wide variety of shapes can be obtained, from the same com- 
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ponents, by changing the phase relation; the composite waveform is not specified 
until the phase relation is known. 

The unique description of a waveform requires knowledge 
quencies, amplitudes and phases of all components. 
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GURE 2. Various illusrrnrions of the effecr of adding two sine wmes. 
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From figure 2c we note also that the peak amplitude of the composite wave- 
form is less than that of figure 2a, the largest amplitudes occur when the two 

components are in phase at their peaks, and this never happens in figure 2~. 
Again, we note that because one component has a peak at the time origin while 
the other has a null, the composite waveform has an intermediate amplitude at 
the time origin. 

In figure 2d we use the same components, but we halve the amplitude of the 
second harmonic and impose a 90” phase shift on both waves. Since both com- 
ponents have a null at the time origin, so also does the composite waveform. The 
waveform is noticeably less rich in the liigher frequency. 

In figure 2e we double the amplitude of the second harmonic and impose 
the 90” phase shift in the opposite direction. The composite waveform is now 
rich in the higher frequency. We shall return to these two illustrations when we 
come to consider the integration and differentiation of waveforms. 

Figure 2f reverts to the simple in-phase condition at the time origin, and is in- 
cluded to illustrate that even if the fundamental is not present among the com- 
ponents it makes itself evident in the composite waveform. The frequency of the 
fundamental is always the highest common factor of the frequencies of the com- 
ponents; thus in the figure the addition of waves of angular frequency 3% and 4-6 
produces a pattern which repeats with a fundamental angular frequency of % 
If the components had been of angular frequency 6% and 10%) the fundamental 
angular frequency would have been 2 0.. 

We should stress that the composite waveform of each illustration is corn- 
pletely specified by its components as drawn, and that these in turn are specified 
by their frequency, amplitude and phase. Conversely a waveform cannot be speci- 
fied without these three quantities. 

We should stress also this fact: 

The summed or composite waveform is exactly equivalent to its com- 
ponents, and the components to their sum. Any linear operation per- 
formed on a waveform may equally well be regarded as performed on its 
components. 

The necessary information on frequency, amplitude and phase of the com- 
ponents can be stated more concisely than in figure 2. One common method is 
by means of the spectra of figure 3, where figure 3a corresponds to figure 2a, 
3b to 2b, and so on. Each section of figure 3 has two parts - an amplitude 
spectrum showing the amplitudes of those components which are present, and a 
phase spectrum showing the component phases which obtain at the time origin. 

The amplitude and phase spectra, taken together, uniquely define their 
corresponding composite waveform. Conversely any repetitive wave. 
form specifies a pair of spectra. 
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FIGURE 3. The ampIilude and phase spectra corresponding lo figure 2. 

Thus we see an interchangeabiiity between a waveform as a function of time 
and the two spectra showing amplitude and phase as functions of frequency. 
All effects concerned with waveforms can be considered in terms of the waveform 
itself, as a function of time (that is, in the time domain), or in terms of the am- 
plitude and phase spectra (that is, in the frequency domain). The bridge between 
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the time domain and the frequency domain is provided by Fourier. Sometimes 
one approach is more convenient than the other, but, for the types of waveform 
with which we are concerned here, the two concepts are interchangeable and 
equivalent. 

In the discussion of figure Zf, we noted that the basic composite pattern 
repeats with a frequency which is the highest common factor of the component 
frequencies. Let us explore this further, with the help of figure 4. Figure 4a shows 
that we take three waves of frequency 4, 6 and 8 cycles per second and set them 
in phase at t = 0; figure 4d gives the result. The pattern repeats twice per second, 
because the highest common factor of 4, 6 and 8 is 2. In figures 4b and 4e we 
add components at 5 and 7 cycles per second, so that the highest common factor 
is 1 and the pattern repeats once per second. (In this and the followine illustration 
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,; we preserve a zero phase spectrum, similar to that of figure 4~3, and the phase 
1 spectra are therefore not drawn). Extending the transition from figure 4d to figure 
i 4e, we see that if we added components every 1 I1000 cycle per second between 4 
I and 8 cycles per second, the resulting pattern would repeat only after 1000 
1 seconds. Thus we are led to the principle of the Fourier Integral; if the components 
1 occur at infinitesimally small frequency spacing the pattern repeats only after in- 
1 finite time. 

Any TRANSIENT waveform, occuring only once, may be viewed as the 
addition of components which are harmonfcs of an infinitesimally small 
fundamental frequency. 

Thus. because of the line nature of the spectrum of figure 4b, the correspond- 

FIGURE 5. Some confinuou~ spectra and tnerr corresponarn~ wove,orms (JOI zero phase 
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ing waveform of figure 4e repeats every second. The continious spectrum of figure 
5a, on the other hand, represents a transient waveform which has a similar shape 
in its central portion near the origin, but which never repeats (figure 5f). 

The spectra of repetitive waveforms are line spectra, those of transient 
waveforms are continuous spectra. 

Line spectra, then, are appropriate to signals like the vibration of an automo- 
bile engine or a sustained note on the clarinet; continuous spectra are appropriate 
to the clash of cymbals, or to seismic pulses, or to gravity anomalies. 

The concept of a continuous spectrum is obviously unmanageable graphically 
- we cannot draw an infinite number of sinusoidal components. This is not the 
only difficulty. Clearly, the total energy in the time waveform (which energy is 
finite) should be the same as the sum of the energy in all the component sinusoids; 
this means that if there are an infinite number of components the amplitude of 
each must be infinitesimally small. The answer to this, and to the problem of 
visualiring the Fourier Integral graphically, is to divide the spectrum into a number 
of narrow slices, and to say that the contribution from each slice is the height of 
the slice times the thickness of the slice. The y-axis of a continuous spectrum 
is therefore labelled “amplitude spectrum density”. 

Then we may use our graphical approach 
if we draw for each slice a sine wave having a 
frequency equal to the mean frequency of the 
slice and an amplitude proportional to the area 
of the slice. The price we pay for this approxi- 
mation is that our synthesized waveform is not 
truly transient; it repeats in the manner of our 
earlier diagrams. Therefore when we use this 
approximate technique we must be sure that 

sf 
hyy the width of our slices is sufficiently small that 

the synthesized composite waveform does not 
repeat within the time range. in which we are 
interested. 

From a line spectrum, then, we may graphically synthesize a recurrent wave- 
form rigorously and accurately. From a continuous spectrum we may graphically 
synthesize a tnmsient waveform as an approximation, and the accuracy of the 
approximation is governed by the number of spectral slices which we are prepared 
to consider. This can be illustrated from figures 4 and 5. 

Figure 5a shows a continuous spectrum from 4 to 8 cycles per second; if the 
associated phase spectrum is everywhere zero, this is equivalent to the waveform 
of figure 5f. This waveform is a transient which dies away to zero beyond the two 
sides of the diagram, and which never repeats. If we approximate the continuous 

22 



spectrum of figure 5a by the 3-line spectrum of figure 4a, we see by comparink 
figures 4d and 5f that we have a tolerable approximation near t = 0, but not else- 
where. The 5-line spectrum of figure 4b, which still covers the same frequency 
band, gives a tolerable approximation over a greater time range. The more. com- 
ponents we consider, the greater is the time range of the approximation. 

The fine stmctnre of a coatb~uous spectrum defines the waveform at dis- 
tant times. 

We begin to see, from this material, how to visual& a waveform from its 
spectrum. Figures 4 and 5 can give us more help to this end. First we notice that 
the spectra of figures 4b and 4c have the same centre-frequency (6 cycles per 
second) but different bandwidths. Comparing figures 4e and 4f, we see that the 
effect of this change is small in the central part of the waveform, but that the 
greater bandwidth of figure 4c produces a sharper, more discrete, better resolved 
waveform in figure 4f. We see the same effect in the transient pulses of figure 
5f and 5g. 

Short pokes mast have large bandwidth. 

This is made particularly reasonable when we remember that the waveform 
’ corresponding to a very narrow spectrum is a sine wave - clearly nothing could 
; be less sharp or less well resolved in time. 

In seismic work our ability to resolve closely-spaced reflectors depends on our 
1 having short pulses; consequently our effort is always to use the maximum spectrum 
/ 
: 

bandwidth which the earth will transmit. Narrow frequency bands mean long 
pulses and poor discrimination between reflectors. 

A useful guide is that the effective duration of a puke, in seconds, can- 
not be less than the reciprocal of the bandwidth in cycles per second. 

If we now take a closer look at figures 5f and 5g we see that, while the central 
parts of the two pulses are very similar, the more distant parts show clearly the two 
end-frequencies of the spectrum. This suggests that a spectrum which has less con- 
tribution from the end-frequencies (one with “rounded shoulders”) should show a 
lower amplitude away from the centre of the pulse. Since the bandwidth is made 
effectively smaller by this process, however, the arguments of the last few para- 
graphs would lead us to expect a rather broader pulse. Consequently we are not 
surprised to find that a smooth spectrum of the type of figure SC is associated with a 
pulse like figure 5h - having a slightly greater breadth than figure 5g, but with the 
central maximum standing out more clearly from the background. So we remem- 
ber this important fact: 

Sharp shoulders on the amplitude spectrum prevent a pulse from dying 

I 
quickly towards zero. 
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Similar simple reasoning allows us to visualize the waveform represented 
by the undulating spectrum of figure 5d. It is a continuous spectrum, so that the 
waveform cannot actually repeat. On the other hand, it has some similarity to the 
lie spectrum of figure 4a, and SO we expect some tendency toward repetition. The 
waveform is, in fact, figure 5i. We can use our recent knowledge to predict that 
if the spectrum of figure 5d had more than three undulations in it the subsidiar) 
pulses of figure 5i would be further removed from the central maximum. We car 
also be sure that if any pulse is allowed to echo back and forth between two re. 
flectors (as in marine seismic work, where the reflectors are the surface and bottom 
of the sea), the spectrum of the resulting signal must have undulations in it. 

Now we must stress very emphatically that both amplitude and phase spectrs 
are required to define a waveform, and that the results of the last few paragraphs 
are premised on a zero phase spectrum similar to that of figure 4a. Before we con. 
sider the effect of other phase spectra, we should note that a zero phase spectrwr 
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means (for our adopted convention of cosine components) that all components 
have a peak at the time origin; consequently, for a given amplitude spectrum, no 
other phase spectrum can produce a higher amplitude at this point. Further, no 
other phase spectrum can produce a shorter pulse; the zero phase spectrum con- 
centrates the greater part of the energy of the signal into the least possible time. 
With our adopted convention of using cosine waves, the zero phase spectrum 
also gives a waveform the property of symmetry about the time origin. 

If we use cosine components, a zero phase spectrum produces a symmet- 
rical pulse having the maximum amplitude and minimum duration 
allowed by the amplitude spectrum. 

Figure 6 shows some alternative phase spectra. Curve 6a represents the zero 
phase spectrum which we have considered above. The first alternative phase 
spectrum which we should consider is a straight line passing through the phase 
axis at the origin or at a multiple of 2n Curve 6b, for example, states that com- 

! ponents of all frequencies arc shifted by 21r radians or 360” (that is, by one cycle). 
; Since sine waves, by definition, go on forever, a shift of one cycle leaves each 
f wave unchanged; consequently the waveform represented by their sum is also 

1 lag of 9 , 
unchanged. Curve 6c is not so easy. If a sine wave of frequency f suffers a phase 

any point on it appears to be delayed by the appropriate fraction of a 
i period, that is by a time of ~/x@I/I When B is proportional to f, therefore, as in 
!~ curve 6c, all components are delayed by the same time; the waveform represented 

by their sum is consequently unchanged in shape but delayed in time. 

A phase spectrum which is a straight line passing through the phase axis 
at the origin or an integral multiple of Z~matntains the pulse shape given 
by zero phase, but imposes on the pulse a time shift proportional to the 
slope of the line. 

Thus curves 6c and 6d both leave the shape of the waveform unchanged, but 
6d represents a greater delay than does 6c. Curves 6e and 6f also leave the wave- 
form unchanged, and impose delays given by their slopes. Curve 6g both delays 
and inverts all components, so that the associated waveform (although not changed 
in shape) is both delayed and inverted. 

Up to this stage, then, we can still use our experience gained from figures 2, 
4 and 5 to visualize a waveform from its amplitude spectrum, knowing that its 
phase spectrum is either zero or linear. 

Any other phase spectrum, however, changes the shape of the waveform, 
reducing its peak amplitude, making it unsymmetrical, and dispersing 
it to occupy a greater time. 

‘The phase spectrum of figure 6h, for example, changes the symmetrical wave- 
form of figure 5h into the unsymmetrical waveform of figure 7. Thus an infinite 
number of waveforms may be synthesized from any one amplitude spectrum by 



I 
FIGURE ‘7. lllustrarion of the effect of a phase syectrum such m that of figure 6h. 

associating it with an infinite number of phase spectra. Therefore no general rules 
can be given for visualizing the waveforms corresponding to arbitrary amplitude 
and phase spectra. Of course, these waveforms may still be synthesized graphically 
and the only word of caution we need to note is that the slices into which we divide 
the spectra must now be sufficiently thin to reproduce the d&tail in the phase 
spectrum as well as in the amplitude spectrum. 

The last paragraph does not mean to say that no help can be given in the 
visual association of waveforms and their spectra. Knowing the zero-phase wave- 
form associated with a particular amplitude spectrum, we may obtain some feeling 
for the type of change produced by another phase spectrum by noting that the 
various frequencies will be differentially delayed by amounts which are proportion- 
al to the slope of the phase spectrum. Conversely, we can specify some spectral 
features by simple visual examination of a waveform. For example, in figure 8a we 
may say immediately that the spectrum is broad (because the pulse is short), that 
the spectrum has no sharp shoulders (because it quickly dies to zero) and that the 
phase is not far from zero or linear (because the pulse is nearly symmetrical about 
its maximum amplitude). Figure 8b must represent a narrow spectrum, again 
having no sharp shoulders, and with a phase spectrum which is not zero but is not 
very complicated. Figure 8c must represent a fairly broad amplitude spectrum 
and a complicated phase spectrum. Figure 8d must represent a spectrum which has a 
sharp shoulder and which extends down to zero frequency. Figure 8e must also 
extend to zero frequency; it has no sharp shoulder in the amplitude spectrum, and 
it has a zero or linear phase spectrum. Figure 8f must have an undulating ampli- 
tude spectrum. 
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We have now learned how to specify wavefoms. We may do this in the 
time domain, as wiggles which are functions of time, or in the frequency domain, 
in terms of amplitude and phase spectra; these two methods are made equivalent 
by the concepts of Fourier. It remains to learn how to specify operations, and from 
this to specify the results of such operations. 

First we shall consider the frequency domain. 

At the input of our fundamental diagram (figure 1) we shall inject a sine 
wave of known amplitude. If the system is an electrical filter the sine wave might be 
an electrical voltage of amplitude 1 volt; if it is a geophone the sine wave might be 
a displacement of constant velocity equal to 1 cm/s; if it is a motor car suspension 
the sine wave might bc a displacement of amplitude 1 cm. Then, at each of several 
frequencies, we measure two quantities: the ratio of output amplitude to input 
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amplitude, and the phase angle between output and input. These quantities we plot 
as functions of frequency; the first we call the amplitude-frequency response, and 
the second we call the phase-frequency response. 

The behavior of any linear system is uniquely specified by the combina- 
tion of the amplitude-frequency response and the phase-frequency re- 
sponse. 

We may illustrate these curves for the simple case of a weight hanging on a 
spring. If we raise and lower the upper end of the spring, very slowly, the weight 
moves through the same distance as the upper end, and in phase with it. This 
accounts for parts a of the two curves of figure 9. If we maintain the same amplitude 
of movement at the upper end of the spring, while increasing the frequency slowly, 
we note an increase in the amplitude of movement of the mass; this continues as 
far as the resonant frequency fa of the mass-spring combination, and then reverses. 
At high frequency (parts p) the mass barely moves at all, and the movement which 
does occur is 180” out of phase with the input. 
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FIGURE 9. The umplirude-frequency and phase-frequency responses of a physical sydem. 
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From the two frequency-response curves, then, we know what a system does 
to a sine wave of any frequency applied at its input we know whether the am- 
plitude is increased or decreased, and whether the phase is shifted. Therefore, since 
any operation on a complex waveform may be regarded as being performed on its 
components, we must be able to fiid what the system does to a complex waveform. 

Let us consider the example of figure 10. Here the input spectra are those of 
figure Sa, and the input waveform is that of figure 5f. This waveform is applied 
to a system which has (as illustrated) a pass-band larger than the bandwidth of the 
signal, and a linear phase response. Because we are concerned only with linear 
systems, which cannot introduce new frequencies into a signal, the amplitude spec- 
trum of the output is not influenced by the large pass-band of the system, and 
remains the same as that of the input. The phase angle of the components of the 
input, however, is supplemented by that characteristic of the system, so that the 
phase spectrum of the output, as illustrated, is linear. 
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To obtain the amplitude spectrum of the output we multiply the value 
of the amplitude spectrum of the input, for each frequency, by the value 
of the amplitude-frequency response, noting that if either term is zero 
the product is zero. To obtain the phase spectrum of the output we add 
the value of the phase spectrum of tbe input, for each frequency, to the 
value of the phase-frequency response. In short, we multiply the am- 
plitude curves and add the phase EUIVBS. 

Before we leave figure 10, we should note that the criterion that a system 
should pass a waveform without change of shape is implicit in this diagram. 
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The criterion of perfect fidelity is that the amplitude-frequency response 
should be flat over the frequency range of the input, and that the phase- 
frequency response should be linear (passing through an integral multiple 
of 2~ on the phase axis), over the same range. 

If these two criteria are satisfied, the waveform is delayed in time by its pas- 
sage through the system, but its shape remains unchanged. 

Another exe& is provided by figure 11. Here an input having the ampli- 
tude and phase spectra of figure 5b is subjected to an amplitude-frequency re- 
sponse of the same shape as figure 5c, and a phase-frequency response similar to 
figure 6h. The spectra of the output are given by the processes of multiplying and 
adding, and are as shown; these, as we have previously established, imply an output 
waveform of the type of figure 7. 

Now let us take two examples from geophysics. The first is from gravity and 
magnetic interpretation, and is concerned with the differentiation and integration 
of waveforms. 

L 

FIGURE 12. Dijjerenkztion of LI waveform. 

In figure 12a we show one period of the repetitive waveform of figure 2a, 
and we differentiate it in figure 12b. The process of differentiation is one of plot- 
ting the slope of the curve; thus we quickly note points of zero slope ( LI ) on the 
upper curve and plot these as zero-crossings on the lower curve. Similarly we 
mark points of maximum positive and negative slope (p) on the upper curve, and 
plot these as peaks and troughs on the lower curve. In this way we. may establish 
very rapidly an approximate form for the differentiated waveform. 
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Mathematically, of course, we know that differentiation of the composite 
waveform of figure 2a (that is, of COSG t+cos2-0 t) yields -yO sin% t - 2% sin2wt. 
In figure 2e we draw these two sine. waves (omitting the scaling factor w0 , which 
does not effect the shape), and add them together. Naturally, the composite wave- 
form of figure 2e is the same as that we have just obtained in figure 12b. In figure 
2e we have doubled the amplitude of the component which has double the fre- 
quency, and we have shifted both components by a 90” lead. Without making 
a rigorous proof from the mathematics, then, we are prepared to accept this pro- 
position. 

The differentiation of a waveform is equivalent to passing it through a 
system whose amplitude-frequency response is directly proportional ta 
frequency (figure 13a) and whose phase-frequency response is a con- 
tani 90°~lead~(figwe i3b). 

-&v- 
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FIGURE 13. The omplirude-frequency and phase-frequency responses of the dijjerentio 
pXXC?SS. 

b 
Freq. 

The visual effect of this operation on a waveform is the enhancement of tt 
high frequencies, the removal of any zero-frequency component (so that the outpl 
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must always have a mean value of zero), and an increase of one in the total number 
of peaks and troughs per period of the fundamental. For a transient waveform 
where the fundamental period is infinite, this last feature may be reduced to ‘an 

I increase of one in the total number of peaks and troughs’. 

What use is this? Whenever we have a waveform which is the superposition 
I of rapid variations on slower variations, with or without a constant (zero-fre- 

quency) bias, we may use the process of differentiation to select the rapid variations 
and to reject the others. In gravity exploration, for example, we measure a large 
bias of 981 cm/;r2, plus regional trends, plus local anomalies. For some purposes 
we require only the high-frequency anomalies; therefore we differentiate to enhance 
these, and the more times we differentiate the more local are the anomalies we en- 
hance. 

We may produce a similar argument for integration. The integration of the 
composite waveform of figure 2a, either mathematically or graphically, yields the 
composite waveform of figure 2d; the high frequencies are reduced, and the phase 

; shift is in the opposite direction 

The process of integration has an amplitude-frequency response which 
is inversely proportional to frequency, and a phase-frequency response 
of a constant 90° lag. 

The visual effect of integration is an enhancement of the low frequencies and 
a decrease of one in the total number of peaks and troughs per period of the 
fundamental. 

FIGURE 14. The cjjecr of u common .scismic jilrcr on a represenratiw seismic pulse. 



Integration, then, is of value whenever the useful part of a waveform is in it! 
low frequencies or its constant bias, and when these are obscured by high frequen. 
ties at high amplitude. One familiar example is the use of a moving-coil voltmetel 
to read the voltage of the domestic a.c. supply; since we are not interested in the 
rapid fluctuations of the rectified voltage, but only in its mean value, we build the 
integration process into the meter. 

Our second example from geophysics concerns seismic pulses. Suppose that b! 
some means we are able to discover what is the spectrum of the basic unitary seismh 
pulse. The seismic instrument manufacturers will supply the amplitude-frequcnc! 
responses and - under mild pressure - the phase-frequency responses of thei 
equipment. Then we can multiply the amplitude spectrum of the pulse by the am 
plitude-frequency response of the geophone, and again by that of the amplifier, am 
again by that of the galvanometer, to obtain the amplitude spectrum of the rccordec 
pulse. Similarly we may add the phase characteristics, and so finally synthesizl 
the form of the recorded pulse itself. It is not unusual for a simple seismic puk 
of the general form of figure 14a to be turned by the seismic instruments into : 

FIGURE IS. The spike, in the lime and +requency domains. 
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diffuse (and for timing purposes rather unsatisfactory) waveform such as figure 14b. 

We have now established the connection between input and output in the 
frequency domain. We turn naturally to the connection between input and output 
waveforms in the time domain. 

The first concept we need is that of the unit impulse (or, in the jargon, the 
“spike”). This is a simple out-and-back displacement of the type of figure 1%~ 
In theory, the spike has infinite amplittlde and infinitesimal duration. What spectra 
should we expect a spike to have? One of our earlier propositions makes it clear 
that the infinitesimal duration of the spike must imply an infinite bandwidth 
(figure 15b). Another makes it clear that all of the infinite number of components 
must be in phase at the time origin, so that, according to our cosine convention, 
the phase spectrum of the spike is everywhere zero (figure 15~). In practice, in- 
finitesimal durations cannot be; consequently, we ask only that our spike should 
have a bandwidth extending beyond the pass-band of any system with which 
we are concerned, and a zero phase spectrum over this same range 
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I FIGURE 16. The impulse-response of a pkysicol’sysrem 
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Now let us inject the spike into a system - for example, let us give a sharI: 
up-and-down displacement to the support point of the spring-mass system which 
we considered earlier. Then the motion of the mass (which we may consider to be 
the output of the system) is typically of the form given in figure 16. 

The output of any linear system when a spike is used as the input k 
called the impulse-response of the system; it specifb the behaviour 01 
the system uniquely. 

Previously we have said that the behaviour of the system is specified uniquel) 
by the combination of its amplitude-frequency response and its phase-frequent) 

response. Now we are saying that the 
impulse-response contains the same in. 

-@F 

formation. This is reasonable ena@ 
as we can see by considering the spec 

k” 

tra of the inpulse-response. For the 
amplitude spectrum of the impulse. 

\\I 
RI’ 

% 
response must be the product of the 
amphtude spectrum of the input spike 
(which is constant) and the amplitude 
frequency-response of the system. Fur- 
ther, the phase spectrum of the im- 
pulse-response must be the sum of the 
phase spectrum of the input spike 
(which is zero) and the phase-frequent) 
response of the system. 

Consequently we conclude: 

The amplitude spectrum of the impulse-response of a system has the 
same form as the amplitude-frequency response of the system, and thf 
phase spectrum as the phase-frequency response. 
The two frequency-response curves and the impulse-response therefore 
represent alternative methods of specifying the behaviour of a linem 
system. The two methods are rigorously equivalent. 

From our earlier statement defining the amplitude and phase-frequency 
responses necessary for a system to pass a waveform with little change, we can infer 
this conclusion: 

High-fidelity systems have impulse-responses which are short and sharp; 
resonant or peaked systems, on the other hand, have impulse-response 
consisting of many cycles. 

We come now to two of the most intriguing of waveform manipulations - 
superposition and convolution. 
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; FIGURE 17. The .ssper,mirio,r ,n~,hod of com,mi,~y rlre effect of a sys,em ,,n a known 
inpuf. in dir tirnc Jomain. 

In figure 17a we show a spike whose strength we shall say is one unit, and 
i 
i 

m figure 17b the response of a certain system to this impulse. In figure 17~ we show 
two separated spikes of strength l/2 unit and 3/4 unit. Each of these, by itself, 
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would produce a proportionately-scaled impulse response, as suggested by dashed 
lines in figure 17d. Now if we invoke our earlier discussion of linearity, We 
emerge with this powerful conclusion: Provided that the system is a linear one, 
the output obtained from two input spikes is the sum of the two impulse-re- 
sponses which would be produced by the two spikes individually. This sum is the 
full line of figure 17d. 

The true power of this result becomes evident when we note the fact that 
any waveform may be regarded as a succession of spikes. Each of these spiker 
then produces an impulse-response, of an amplitude proportional to the strengtf 
of the spike itself, and the system output is the sum or superposition of these 
impulse-responses. Thus the generalized input waveform of figure 17e produce: 
an output represented by the full line of figure 17f. 

For any linear system and for any input waveform, the output wavefom 
is the superposition of all the impulse-responses obtained by regarding 
the input waveform as a succession of spikes. 

We should note that the determination of the output signal at a particulz 
time requires us to add the contributions from all the impulse-responses generatec 
by spikes within a time range of duration equal to that of the impulse response 
and extending backwards from the given time. It is also clear that if the impulse, 
response is of a decaying type, such as that illustrated in figure 17, the contribution 
from impulse-responses generated by spikes in the immediate past is greater tha 
that from more distant spikes. 

This leads us to the concept of convolution. The physical reality behind con 
volution is exactly the same. as that behind the superposition of impulse-responses 
and any apparent difference in describing this reality is purely a superficial one 

Let us start with the spike of figure 18a, which is identical to that of figun 
17a. Then in figure 18b we show the impulse-response of figure 17b reversed b 
time. Keeping our spike waveform stationary, we now proceed to slide the re 
versed impulse-response past it, from left to right, and in each new position w 
multiply together the strength of the spike and the corresponding ordinate of th, 
impulse-response, Thus in figure 18b the strength of the spike is unity but th, 
corresponding value of the impulse-response is zero, so that the product is zerc 
This vahx we plot on a new curve, as shown by the arrow. In figure 18~ th 
impulse-response has moved so that its leading edge coincides with the spike 
the product jumps to a positive value which we plot on the new curve, again a 
shown by the arrow. Similarly figures 18d and 18e show later positions of th 
impulse-response as it slides past the spike, and the way in which the new curv 
develops. The new curve, clearly, has the same form as the impulse-response itse!: 

In figures 18f 18i we repeat the exercise for the double-spike waveform c 
figure 17~. The positions of the sliding impulse-response in figures 18g and 18 
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are such that we are merely repeating the operations of the last paragraph, but 
from figure 18i we see that where more than one spike is involved we must ensure 
the correct contribution from each. This we do, for each new position of the sliding 
impulse-response. by multiplying the strength of each spike by the corresponding 
value of the impulse-response, and by adding the products to obtain the value of 
the output at the time associated with that position. Thus the output value 
at the third arrow is the sum of a large contribution from the second spike and a 
smaller one from the first spike. Of course, the output waveform is the same as 
that obtained, by superposition, in figure 17d. 

n 
b 

h 

FIGURE 18. Tkc cyuiwlencr of superposirion arzd co,wolurion. 



In figure 19 we take the complicated waveform of figure 17e and convolve it 
with the same impulse-response to obtain the output waveform of figure 19~. 
Again the result is the same as that obtained, by superposition, in figure 17f. The 
impulse-response in figure 19b is shown with its initial portion aligned with the 
input waveform ordinate marked e; the output at this time is therefore the sum 
of corresponding ordinate products, or ag + bk + cl + dm + en. 

The process is termed convolution because it involves the convolution or 
folding-back or time-reversal of the sliding waveform. We repeat for emphasis 
that superposition and convolution are merely apparently-different ways of des- 

cl 

FIGURE 19. A forhv illrcsrrarion of convolution, 
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cribing one physical reality - the interaction of an input waveform with an 
impulse-response to produce an output waveform. Thus our last proposition con- 
cerning the superposition of imp&c-responses may be stated alternatively: 

For any linear system and for any input waveform, the output waveform 
is the convolution of the system impulse-response with the input wave- 
form. 

It is probably easier and more natural to think about this interaction between 
impulse response and input waveform in terms of superposition. The concept of 
convolution, however, has two merits. First, it makes very evident the fact 
that every physical system has a “memory” whose length is the duration of the 
impulse-response, and that the output obtained at a particular time is a weighted 
sum of the input at all past times within this memory. Second, the operation of 
sliding one waveform past another, while multiplying corresponding ordinates and 
adding the products, is also basic to other interesting waveform manipulations 
(such as auto- and cross-correlation); the latter are easier to master if the concept 
of convolution is established first. 

We can illustrate the value of the superposition or convolution operation by 
returning to the things of our youth. Suppose that a motor-cycle is ridden at a 
certain speed over a single small object on an otherwise flat road, and suppose 
that we measure the vertical displacement of a point on the frame as a function 
of time - the impulse-response of the machine’s suspension. Then we can deduce 
the movement of the machine which would be consequent on riding over any 
road surface, at the same speed, by convolving the impulse-response with the plotted 
configuration of the road. * 

Convolution is the basic process in the construction of a synthetic seismo- 
gram. From the log of seismic velocity against depth we prepare a waveform re- 
presenting approximate reflection coefficient against seismic travel time. This 
waveform, typically of the form of figure 20a, we convolve with a probable form 
for the unitary seismic pulse (figure 20b) to obtain the synthetic seismogram of 
figure 20~. We may say that the log of reflection coefficient against seismic travel 
time is the impulse-response of the reflective earth, and that the seismic record 
is the convolution of this with the basic seismic pulse. 

From the nature of the convolution process, we may deduce our last 
proposition: 

* We may use previous propositions to deduce the vertical accelerations (and hence the 
forces) acting on the rider. If we plot the vertical displacement of the machine 
against time we obtain a waveform which may be diffkntiated once (in the manner 
of figure 12) to obtain the vertical velocily against time, and twice to obtain the 
vertical acceleration against time. Since hafh convolution and differentiation are 
linear processes, it is immaterial whether we perform double differentiation on the 
output waveform,, or double differenti$on on the i?p$ waveform, or double differ- 
entiation an the mqwlse-response, or smgle differentmuon on any two of the three. 
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The duration of the output waveform is always equal to the sum of the 
durations of the input waveform and the impulse response. 

We now have a complete scheme of basic waveform manipulation, which 
is illustrated in figure 21. In the time domain we have an input waveform, with 
which a system impulse-response is convolved to produce an output waveform. 
In the frequency domain, we have the amplitude and phase spectra of the input; 
the amplitude spectrum is multiplied by the system amplitude-frequency response 
to yield the output amplitude spectrum, and the phase spectrum is added to the 
system phase-frequency response to yield the output phase spectrum. There is 
a Fourier relation between the input waveform and the input spectra, between the 
output waveform and the output spectra, and between the impulse-response and 
amplitude- and phase-frequency responses of the system. 

Both domains are useful. The concept of the synthetic seismogram - surely 
the most important component in an understanding of the seismic method - is 
most instructive when viewed in the time domain. The effect of cascading in- 
strumental responses is usually visualized most conveniently in the frequency 
domain. The transformation between the two domains is desirable when a prob- 
lem is defined in terms of a time resolution and when instruments must be se- 
lected on the basis of frequency response, appropriate to the problem. It is also 
the clue to the geophysicist’s perennial task of deciding the optimum compromise 
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FIGURE 20. The synlheric seirmowm or on illusrrdion of convolution. 
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between the loss of resolution and the gain of signal-to-noise ratio which may be 
obtained by filtering. As an incidental, it explains the geophysicist’s preference for 
zero-phase filtering. 

FItiURE 2,. The mmplcfe .sc,,one “f Fourier tmmformution. 

Thus we have summarized the elementary waveform manipulations as far 
as convolution. The second level of waveform manipulations - which includes 
such operations as auto-correlation, cross-correlation, matched filtering and inverse 
filtering or deconvolution - is discussed in similar graphical fashion by the 
present author in “Correlation Techniques - A Review” previously published 
in Geophysical Prospecting, and now to be reprinted in the next issue of the journal 
of the Canadian Society of Exploration Geophysicists. The treatment does not 
pretend to be rigorous or exhaustive in either of these discussions; for a fully 
mathematical account the reader is referred to “Fundamentals of Signal Theory” 
by J. L. Stewart (McGraw Hill) or to “Analysis, Transmission and Filtering of 
signals” by M. Javid and E. Brenner (McGraw Hill). 

Acknowledgement 

The author thanks the Directors of Seismograph Service Limited 
for permission to publish this article. 

43 


