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ABSTRACT
The elastic impulse from an explosion is propagated through the earth as an expanding
shell bounded by the wavefront. This wavefront and its motion are a physical rcaiity
while rays or trajectories are much less sharply defined and cannot actnniiy be observed
because the wareiengths involved in seismic processes are too long. This moans that
the visualization and the interpretation
of seismic processes can be Carrictl out in a more
satisfactory,
simple and comprehrnsihle
way with wavefrants than with rays.
H. R. Thornburgh (1~301 introduced the very lucki and simple method of interpreting
seismic refraction sections, using Huygcn’s principle to construct wavcfronts from two
symmrtricni shotpoints by working back from their ~~bserverl arrival times at the surface.
The depths are found first with only a knowledge 01 the velocities down to the reiractor
and after that ths velocities in the refractor can be determined.
The pattern of the two wavcfronts at rqwxl time intervals, obtained when carrying
out Thornburgh’s
construc~fon, leads to the very si”,ple, apprwximafvc
“Plus-Mn”s”
method. The ;rdditions of the travel times irom two symmetrical
shotpoints to-each
geophonc give the relative depths and their subtractions give the velocities af the refractor.
The method extrapolates exact quantities from the refractor baundary up to the surface
by the “Plus”- and “hlinus” lines. ‘This cxtrapulation
introduces errors that can, more
or less, be correcteti for. A numbcr of hypothetical caws are presented to give an insight
into the applicability
and r4iability
at the “Plus-3linos”
method Its main applications
arc for fairly shalluw reiraction
investigations
and for determining
weathering COTrections far refraction and reflection work.
I. WAVEFRONTS

AND TRAJECroRIEs

The elastic impulse from an explosion is propagated through the earth as an
expanding
shell consisting of a compression followed by a compensating
rarefraction
and not much more (Ricker 1951) until asymmetrical
inhomogeneities are encountered. In seismic refraction procedures the wave has been
refracted at least twice before arriving at the surface where it is detected.
By that time the initially
simple pulse has been altered into a longer and
more complicated compressional pulse followed by transverse- and other types
of waves, originating
during the asymmetrical
processes involved
when
refraction takes place. The signal received by a geophone can still have a
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fairly sharp beginning, a wal defined first arrival, but it is followed by a long
sequence of events. Compressional waves travel faster than transverse- and
other types of waves, so that the first arrivals are always due to purely compressional energy all the way from the explosion.
The first arrivals form a wavefront, an outermost boundary of the expanding
volume of disturbance
initiated
by the explosion. This wavefront
travels
outwards at the compressional velocity of the medium and it is refracted,
reflected and diffracted
by inhomogeneities,
for example by boundaries
between different geological layers, by faults, etc. It has a satisfactory physical
reality. Its time of arrival at any point in the transmitting
medium can be
measured by observing the movement or pressure it imparts to a seismometer
or hydrophone imbedded in the initially
relatively
quiet medium.
This arrival at a detector is, however, never quite sharply defined: it is
always a gradual onset of energy. In most practical cases the uncertainty
is an
appreciable fraction of the length of the first compressional peak that is usually
registered by a detector. This first compressional peak, the front part of the
expanding shell of waves from an explosion, is fed by energy from this explosion. Its energy is transported along a wide diversity of paths but at any
point it must arrive in time to contribute to this first peak (Hagedoom, 1954).
This is illustrated in figure 1. In this section the wavefront from the explosive
y,....,,,.
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source S has been drawn at equal time intervals of 0.5 sea. The velocity is
taken to increase with depth in both the overburden and in the refractor.
The wavefront arrives at the detector R after 6.75 sets, but that is the actually
undetectable beginning of the first compressional peak. In figure I this first
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compressional peak has been assumed to be 0.05 sets long, which is of the order
of magnitude that will quite often be found at that distance in actual practice,
A quantum of compressional energy can arrive up to 0.05 sets later than 6.75
sets at R and still contribute to the first compressional peak registered at that
point. This means that its trajectory from S to R is limited to a certain volume
around the minimum trajectory, the dot-dash line in figure 1. The outermost
points of this volume are defined by the restriction
that the sum of the
minimum travel times from such a point to S and to R is only 0.05 sets longer
than the minimum travel time from S to R. The boundary of this volume was
obtained in figure I by also drawing the dashed wavefronts from R at equal
time intervals of 0.5 sets, which overlap the wavefronts from S by 0.05 sets
on the minimum trajectory from S to R. The intersection line of a wavefront
at 0.5% sets from S with a wavefront at (6.75 - 0.592 + 0.05) sea from R
will lie on this boundary of the volume to which the trajectories are limited.
Figure I is a vertical section through S and R. The dashed area shows the
extent of the volume involved in transporting
the energy contained in the
first compressional peak arriving at R. Its width is appreciably larger than the
length of this peak, which is equal to the distance between a pair of wavefronts, one from S and one from R, on the minimum trajectory from S to R.
The uncertainty
in determining the arrival time of the wavefront at R is not
necessarily as long as the first peak. This means that the range in time within
which the first arrival time is defined can be shorter and the volume involved
in the energy transport correspondingly
narrower. The width of this volume
will, however, always be appreciably larger than the uncertainty
in the onset
of the wavefront. An analogy to these reasonings can be visualized by considering a piece of string stretched between two points. If a bit of slack is given at
one end, the string is restricted to an ellipsoid with rotational
symmetry
around the stretched string. The width of the ellipsoid is large compared to a
small slack and the prOportion between these two quantities increases when
less slack is given:
width
1’2 lengths
slack
+ =
slack -I
i
In seismology these considerations lead to the conclusion that a wavefront
is fairly well defined physically,
while a trajectory is much less well defined
and cannot be as easily visualized. If we observe an actual wave, for example
a shock wave or a wave on a water surface, we see the moving wave with its
front, but we cannot see a ray or trajectory.
This is in contradistinction
to
optics, where the wavefronts travel at the velocity of light, while rays are
well defined and can be observed because the wavelengths are so very short
compared to human dimensions.

I
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If we define the wavefronts as sharply as has been done in figure I by
drawing them as narrow lines, then a trajectory like the dot-dash line is fairly
well defined as a line normal to the wavefront. In figure 2 the wavefronts have
again been drawn at 0.5 set intervals from S, but the wavefronts from R have
now been drawn so as to be tangential to the ones from S. The volume in
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which the transmission of energy takes place has been shrunk to its mathematical limit, the minimum trajectory from S to R. This minimum trajectory
consequently
is the line connecting the points where pairs of wavefronts,
one from each shotpoint, are tangential. It is the locus of all points where the
sum of the travel times from the two shotpoints equals the total minimum
traveltime.
2. THORNBURGH’s WAVEFRONT METHOD
The construction of the wavefronts at different elapsed times, as has been
done in figures I and 2, can always be carried out if the velocities and the location of the transmitting
media are known. Successive wavefronts can be drawn
with the aid of Huygen’s construction,
by considering the points on a certain
wavefront from an explosive source as origins of wavefronts of equal elapsed
time; the envelope to all these wavefronts then being a later wavefront from
the original explosive source. In this way wavefronts can be constructed sequentially
from a shotpoint and the arrival times at points at the, surface
of the earth can be determined.
H. R. Thornbourgh (1930) introduced the surprisingly simple idea of cariying
out this procedure in reverse. From the actually observed arrival times at
geophones at the surface, the wavefront can be worked back, reconstructed,
again by Huygen’s construction, but only, of course, if the velocities are known.
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In the middle part of the section in figure 2 there is a stretch at the surface
where the wavefronts from S and R, refracted upwards from the lower medium,
are first arrivals. From these arrival times at the surface the wavefronts can be
worked back in this middle part of figure 2, if the velocity distribution
in the
top layer only is known. The boundary with the refractor would still not be
determined. In figure z the wavefronts have been worked back to below the
actual boundary as interrupted
lines. If we ignore for a moment this actual
boundary then the points where the sum of the travel times from S and R
equals the total travel time from S to R will lie on the interrupted
horizon in
figure 2, connecting the intersection points of pairs of wavefronts worked back
from the surface. This is so because the wavefronts from S and R have originally
been chosen in such a way that they form pairs which are tangential, which
means that the sum of the two travel times of such a pair equals the total
trawl time from S to R. The points where these pairs of wavefronts are actually
tangential, however, lie on the minimum trajectory from S to K.
It is clear that the interrupted horizon in the middle part of figure 2, through
the intersection
points of wavefronts worked back from the surface, would
coincide with the actual boundary if the minimum trajectory from S to R
ran close to this boundary. In figure 2 the interrupted
horizon falls at some
distance below the boundary because the wavefronts in the refractor diverge
appreciably upwards from the tangential points on the minimum trajectory,
which penetrates fairly deep in the refractor because the velocity increases
with depth.
This is, in essence, Thornburgh’s
wavefront method of constructing
a refractor surface from arrival times at the surfxe. The wavefronts from a pair
of shotpoints are worked back from the surfacr on a vertical section through
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the shotpoints and the boundary is found as the line connecting the intersection
points of pairs of wavefronts, one form each shotpoint, with travel times that
add up to the total travel time from shotpoint to shotpoint.
This procedure is so simple and attractive that it is surprising that it is not
more generally used. Once the advantages of this basic methode are understood
it will be realized that most other methods now in use are actually more or
less inadequate derivations that are inferior in many respects.
One of the greatest advantages of Thornburgh’s
method is that no assumption has to be made about the velocity of the refractor itself. Only the velocities
in the overburden have to be known to be able to work back the wavefronts
from the surface and find the intersection
points that define the required
boundary.
In figure 3 a further example is presented. The overburden has a constant
velocity and the refractor consists of steep layers with different constant
velocities. In figure 31 the wavefront from shotpoint A has been drawn at
equal time intervals of 20 millisecs. Beyond P, on the surface, the wavefront
travelling upwards from the refractor has overtaken the wavefront travelling
directly in the overburden. This means that beyond P the wavefronts in the
overburden can be constructed by working back from the points at the surface
where the travel times have been measured. The wavefront at 300 ms., for
example, can be constructed as the envelope to circles around geophone stations
beyond its intersection with the surface, with radii equal to the travel time
minus 3n0, multiplied by the velocity. If the wavefronts in the refractor were
also known, the boundary could be found as the intersections of wavefronts
worked back from the surface with corresponding
wavefronts,
at the same
elapsed time, in the refractor.
The wavefronts in the refractor, however, cannot be constructed to a sufficient degree of accuracy because the depth of the refractor under A is unknown
and its velocities are not uniquely determined by the arrival times at the surface
of the wavefront from A.
To be able to determine the surface of the retractor, without having first to
determine the velocities in the refractor, a further set of data must be obtained.
For this purpose a second, symmetrical shot is necessary in such a way that a
line of geophones is shot into from both ends. In figure 3 11 a set of wavefronts
from a shotpoint B have been added to the same wavefront pattern from A
as in figure 3 I. The wavefronts from B have also been spaced at equal time
intervals of 20 ms., but they start of with one at 16 ms., the time the last
wavefront from A at 460 ms still needs to arrive at B. By choosing them in
this way, the wavefronts from B will be tangential to wavefronts from d at
points on the minimum trajectory from A to B, the dot-dash line in figure 3 11.
In this example in figure 3 11 the refractor surface is seen to coincide quite
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closely with the intersection points of pairs of wavefronts, that can be worked
back from the surface, with travel times that add up to the total travel time
from A to B. The minimum trajectory from A to B only runs at some distance
below the boundary under the right hand culmination so that only there would
the wavefront interpretation
give slightly too deep a boundary.
After the boundary has been determined by working back the pattern of
wavefronts from the surface, the velocities in the refractor can bc measured
by determining
the distances between successive intersection points of pairs
of wavefronts at this boundary. In figure 3 11these intersection points are seen
to correspond with wavefronts irom A and B in the refractor at intervals of
20 ms., so that the velocities will be the distances between successive points
divided by 20.
It is again clear, from this example, that the depths and the velocities of a
refractor are determined sequentially by working back from the actual arrival
times at the surface. The arrival times do not have to be reduced to a common
flat datum plane and it is not necessary to draw time-distance graphs. The
wavefronts can be worked back with concentric circles in the case of an overburden with a constant velocity, and with a wavefront chart in the case of a
velocity changing with depth. This procedure may seem quite involved and
time consuming at first sight, but it can actually be carried out inexpensively
in practice by a draughtsman
or computer.
3. uxDETERMIL.wLE

VELOCITY %nSTRIBU’rlONS

It may seem superfluous to stress the fact that the velocity distribution
in the
overburden must be ascertained first to be able to interpret a case like the one
in figure 3. But in actual fact this is one of the main sources of ambiguity
and
error in seismic refraction interpretations.
An example is shown in figure 4. The intermediate
layer, with a velocity
between those of the top- and the bottom layer, does not manifest itself in the
first arrival times at the surface. The wavefront travelling directly through

FIGURE 4. A /aver which :ive.c 110iir.s orriw,.s CL111
C”l,.Wen-or.5i,, ,,,e dr,rm,ina,io,t of
depthand dicf of u d~cper rcfrormr.
64

the top layer from A is overtaken by the refracted wavefront from the lower
layer before it is overtaken by the wavefront from the intermediate layer. In
figure 4 a set of wavefronts at the same regular time intervals from a second
shotpoint,
out-side the drawing on the right hand side, has been included.
The two sets of wavefronts form a quite regular pattern to the right of P.
By working back the wavefronts from their arrival times along the surface
by Thornb~urgh’s method the quite flat dashed horizon would be found, which
would obviously also be found by any other interpretation
method based on
the first arrival times at the surface. Not only is the interpreted horizon too
shallow but the relief has been affected by the variation in thickness of the
undetectable intermediate
layer.
Intermediate
layers that do not manifest themselves in the first arrivals at
the surface, or do so only with a maddening incompleteness, are the main sources of ambiguity and error in actual refraction interpretations.
They introduce
a fundamental uncertainty (Hagedoorn, 1955) which is not present in reflection
work. Refraction procedures are therefore quite often only resorted to when
reflections cannot be obtained because they cannot be made to stand out against
the background of disturbances from the same shot.
During experiments on Billiton quite simple refraction measurements were
obtained. They suggested that a fairly recent deposit with a uniform velocity
of about I.5 m/ms overlies a much older basement with a velocity of around
4 mjms. This simple picture resulted in appreciably deeper interpretations
of
the basement than was found in drilled holes.
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To check the velocity distribution
in the overburden a number of geophones
were planted in holes drilled to different depths down to the basement and they
were then shot into from a point some distance away. The result is shown in
figure 5. The wavefronts at intervals of 0.5 ms were constructed from the
arrival times at these buried geophones, from results obtained from a relatively
widely spaced spread of geophones at the surface to find the refractor velocity,
and from a relatively
very closely spaced spread to measure the velocities
near the surface.
Figure 5 clearly shows that the overburden is far from being uniform; it has
velocities that vary widely with depth. There is an intermediate
layer, the
“Fosokak”,
with a relatively
very low velocity of around 0.8 m/ms. This is
surprising because this Fosokak is a quite hard layer which is very difficult
to drill through.
The “section” in figure II shows the wavefront interpretation
of one of the
lines shot in this same area on Billiton.
The arrival times at the geophones
from a series of shotpoints were corrected for weathering and combined in two
time-distance graphs, the dot-dash lines, shot from the end shotpoints E and I.
From these corrected and combined times at each geophone the wavefronts
were worked back, using a constant velocity of 1.5 m/ms. The lower horizon
drawn in this section in figure 11 connects the intersection points of wavefronts from E and I of which the sum of the travel times add up to 107 ms,
the total travel time from E to I.
It is obvious that this interpretation
is much too deep compared with the
depths found in the drilled holes. The hole near I was located on the section and
the other three pairs at about 10 to 30 m. on both sides of the section. A better
agreement with the drilling evidence is obtained by the intermediate
horizon
in the section of figure II, which has been drawn through the intersections
of pairs of wavefronts at 10 ms later than the ones used to find the deeper
horizon. This means that the delay caused by the low velocity Fosokak is
about 5 ms. down to the basement and also about 5 ms. from the basement up to
a geophone, compared with the initially
assumed simple case of an overburden
with a uniform velocity of 1.5 mjms.
The problem on Billiton is to find depressions, old riverbeds, in the basement
surface underneath the covering layer that shows no corresponding surface
relief. Consequently the relative variations in depth to the basement surface
are of primary importance and the absolute depths are quite secondary and can
be checked by drilling, which must be carried out in any case to sample the
tin ore accumulations
in the depressions. The efficacy of a fast seismic refraction reconaissance survey in such an area then only depends on a lateral
variation of the overburden velocities. A thinning of the low velocity Fosokak
will result in an apparent depression of the basement. If a close check, by
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drilling at apparently favourable locations, is maintained,
seismic refraction
surveys can still be an economical way of restricting the areas to be investigated
by more laborius and time consuming drilling.
4. THE PLUS-MINUS METHOD
Thornburgh’s
wavefront method of interpreting
seismic refraction sections
provides a very lucid and accurate tool. But its elegant precision is of little
avail in overcoming essential uncertainties
due to ambiguities
in velocity
determinations.
It seems a waste of time and energy to carry out precise
wavefront constructions when the circumstances are uncertain. In such cases
a faster approximate
method would be preferable and sufficient.
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FIGURE 6. A very simple example demonslroring the principles of the “Plus-Minus” method.
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In figure 6 a section has been drawn through two layers with constant
velocities, separated by a horizontal, flat boundary. Two shotpoints A and B
are so far away to both sides that the wavefronts from these shotpoints, refracted upwards from the lower layer, are first arrivals at the surface. The
pattern of wavefronts drawn at unit time intervals is quite regular because the
boundary is flat and the velocities are constant.
The boundary between the two layers in figure 6 runs through the intersection points of pairs of wavefronts of which the travel times add up to the
total travel time from shotpoint A to shotpoint B. In fact every horizontal
line above the coundary is also a line of points where the sum of the travel
times from the two shotpoints is constant. These lines will be called “Plus”
lines. The horizontal dashed line in the section in figure 6 are such “Plus”
lines; they are diagonals of series of diamonds formed by tht wavefronts
at regular time intervals. The boundary is the zerc~ “Plus” line if they are
assigned the value of the sum of the two travel times to each point, minus
the total travel time from shotpoint to shotpoint. Every point above the
boundary then has a certain “Plus” value, irrespective of the location of the
shotpoints.
The diamond pattern in the section of figure 6 is determined, in the first
place, by the fact that the distance between successive wavefronts is equal
to the velocity in the top layer and, in the second place, by the fact that the
horizontal diagonals of the diamonds arc all equal to the velocity in the lower
layer. One of these diamonds has been drawn enlarged in the lower part of
figure 6. From this figure an expression for the vertical diagonal zk can be
derived in terms of the velocities.
The distance between the horizontal,
dashed “Plus” lines in figure 6 is zk
and their difference in “Plus” values is two time units, because the length of
a vertical diagonal of a diamond corresponds to a difference of one time unit
for both navefronts.
Consequently
k times its “Plus” value is the actual
height of a point above the boundary.
This means that k times the “Plus” value at a geophone at the surface is
the height of that point above the boundary, or the depth of the boundary
below that point on the surface. Actually these “Plus” vnlucs are exactly the
same as what are commonly called the “intercept times”, found, in principle,
by extrapolating
a time-distance curve from a refractor back to the shotpoint.
The vertical lines in the section in figure 6 are lines of points where the
difference between the travel times from the two shotpoints is constant and
this is also true for all vertical lines. These lines will be called ‘Xinus”
lines.
Going up such a “Minus”
line, a vertical diagonal of a diamond, the travel
times of the two wavefronts which intersect on this line will increase at the
same rate so that their difference in travel time will remain constant.
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The “?Jinus” lines drawn in the section of figure 6, the vertical dot-dash
lines, are spaced at distance intervals equal to the velocity below the boundary
and their “Minus” values differ by two time units. In the upper part of figure 6
a graph is shown where the “Minus” values at the surface have been plotted
against the horizontal
distance. The slope of the plotted line, the sloping
unbroken line, is an exact measure for the velocity of the deep refractor.
The lines of equal time, the unbroken horizontal lines in the graph of figure 6,
can be inclined downward to become the sloping dashed lines, at the appropriate
angle where the time-distance line becomes horizontal;
the heavy dashed line.
By this procedure of using a sloping distance axis, a “Minus”
graph can be
kept between fairly narrow boundaries even for a long section, and variations
in velocity, changes in slope, can be more easily observed (Hagedoorn, 1954).
The foregoing conclusions from figure 6 constitute,
in essence, the “PlusMinus” method. The “Plus” values at the surface, the simple addition of the
two travel times from two symmetrical shotpoints minus the total travel time,
will give a relative picture of the depths and the “Minus”
values, the simple
subtractions of the same pairs of travel timrs plotted against the distance, will
give a picture of the velocities of the refractor.
In the case of figure 6, where only the surface is curved, but the boundary
is horizontal and the two velocities are constant, the “Plus-Minus”
method,
applied to arrival times measured at the surface, results in an exact interpretation of drpths and velocities. In order to investigate how accurate the “PlusMinus” method is in more general casts, a number of mo~-e complicated
esamples can be constructed and analysed.
In figure 7 the velocity in the refractor changes abruptly
but the three
velocities are constant and the surface and the boundary
are horizontal.
The “Plus” lines, the interrupted
lines in the section of figure 7, do not run
parallrl to the boundary in the middle part whrrt: the change in velocity of the
refractor occurs. The horizontal
diagonals of the diamonds are equal to the
v&city
I’., in the left hand part and equal to the larger velocity
VL in the
right hand part of the section, while in the transition zone in the middle these
diagonals have an intermcdi;lte
length. !Joreo\:er, all the diamonds in the
overburden must fit around circles with the velocity T-, of the overburden as
diameter. The upright diagonals nre consequently
longer in the left handand shorter in the right hand part, with a gradual transition above the location
of thr change in velocity of the refractor.
This m~nns that the “Plus” values dctcrmincd
at the surface in figure 7
are louw above the Ion-er v&citythan nbovc the hither velocity region.
Tht: “1’1~s” vnlucs do not give a corwct rclatiw
picture of the depths. They
change from 9.6 to 10.6, in ;L lrolxrtion
of I to 1.1, while the velocities in the
rdr;lctor change: in ~1proportion of 3 to j. Those values from the exnmplc in
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figure 7 illustrate
that the relative depths from “Plus” values are usually
fairly insensitive to changes in velocity of the refractor.
The “Minus”
lines, the dot-dash lines in the section of figure 7, are not
vertical in the middle part above the change in velocity. The two wavefronts,
travelling upwards from the refractor, bend as a result of the change in velocity
and the points where they are bent travel up to the surface at opposite oblique
angles. This results in a transition zone in the “Minus” graph with an apparently
intermediate
velocity. The width of this zone increases with depth and decreases with velocity contrast between overburden and refractor.

A-

FIGURE

7.

-B

T/w “Plus-Minus” merkod npphd 10 an rxomple of o refrocfor with o chon~r
in wlocirv.

If the “Minus” values at the actual boundary were plotted against the distance, the dashed line in the “Minus” graph of figure 7 would be found, which
would be a true picture of the velocity variation in the refractor. This is, of
course, quite evident and it amounts to the same thing as observing that
Thornburgh’s
wavefront interpretation
would give a correct solution from the
measurements obtained at the surface in figure 7. This is not altogether strictly
true because Thornburgh’s
wavefront method would result in a slight hump
at the velocity transition.
The sharp concave bend of the wavefronts from A
in the overburden would be worked back as segments of circles concentric
around a point on the surface. This error is, however, too slight to be observable
in most practical cases.
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In the example of figure 8, the surface and the boundary are curved, but
the two velocities are constant. The “Plus” lines, the interrupted
lines in the
section of figure 8, run nearly parallel to the boundary and the “Minus” lines
are, within practical limits, perpendicular
to the boundary. These “Minus”
lines, the dot-dash lines in the section of figure 8, are seen to converge upwards
above the left hand trough and to diverge above the right hand culmination.
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They are spaced at equal intervals along the boundary, so that, at the surface,
they are too closely spaced on the left hand side and too widely spaced on the
right hand side. The “Minus”
graph shows corresponding
slopes, velocities,
that are about 1o”/0 too low and 10% too high.
It is clear that the “Plus” values at the surface will be slightly too low
above the left hand trough and too high above the right hand culmination.
These errors are only about 47O in figure 8, of the same order of magnitude
as the error incurred by drawing the boundary at the culmination
through the
actual intersection points of pairs of wavefronts worked back from the surface
when using Thornburgh’s
wavefront method.
Actually the “Plus” values at the surface, multiplied
by the scale factor k,
give the length of the “Minus” lines from the surface to the boundary. It is a
matter of convenience and personal taste whether one wishes to draw the
boundary as an envelope to circles with the “Plus” values, multiplied
by the
scale factor, as radii, or plot this distance straight down. It will usually make
very little difference.
The “Minus”
curve in figure 8 can be corrected by plotting, against the
horizontal
distance, the “Minus”
values at the boundary instead of at the
surface. This results in the dashed line in the “Minus” graph of figure S. This
correction can be carried out by drawing perpendiculars to the boundary after
its depths have been established by the “Plus” method. This manner of carrecting “.\finus” graphs will, of course, only give a more accurate interpretation
if the absolute depth values found by the “Plus” method are not too much in
error because of undeterminnblc
velocities in the ovrrburden.
Figure 9 shows the same example as was used in figure 3. This case is a
fairly complicated one because the velocities in the refractor vary strongly.
The “Plus”. and the “Minus” lines have been drawn in the middle part of the
section where the wavefronts from both shotpoints, refracted upwards from
the refractor, provide first arrivals at the surface.
The “Plus” lines in figure 9 run fairly well parallel to the boundary. In the
section marked “Plus”
the “Plus”
values at the surface, multiplied
by a
constant intermediate value of k, have been plotted and connected by unbroken
lines. The interrupted
horizon is the actual boundary. There is no great difference between the two. The value of k used was o.gg m/ms, while it should
actually vary from 0.88 mjms for the highest refractor velocity of 4.32 m/ms
to 1.01 mjms for the lowest velocity of 2.70 mjms. The errors due to these
variations in k arc of the same order of magnitude as the errors due to the
curvatures of the boundary. Sometimes these errors add up and sometimes
they compensate each other.
The “minus” curve, in the graph marked “Minus” in figure 9, does not check
so very well with the actual velocities. The line corresponding to the spacing
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of the “Minus” values along the boundary, the dashed line, gives an accurate
picture of the velocities in the refractor. A much better approximation
to this
accurate interpretation
could again be found by correcting the full-drawn
“Minus” curve with the aid of perpendiculars
to the boundary found by the
“Plus” method.
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5. APPLICATIONS OF THE “PLUS-MINUS”

METHOD

The “Plus-Minus”
method is an approximative
method but it is very much
faster and less laborious than Thornburgh’s
basic and accurate wavefront
method or any other method in common use. The foregoing examples have
shown to s”me extent under what circumstances this simple approximative
method will give acceptable results.
The “Plus-Minus”
method can be seen as an extrapolation
of quantities
that are accurate at the refracting boundary from that boundary to the surface
with the aid of the “Plus”- and the “Minus” lines. The accuracy of the interpreted depths depends on how well the “Plus” lines remain parallel to the
boundary. The accuracy of the velocities of a refractor, interpreted from the
“Minus”
values at the surface, depends on how much the “Minus” lines converge or diverge upwards from the refractor. The accuracy with which the
“Minus”
graphs can then still be corrected to take account of the varying
deviation of the “Xinus”
lines from the vertical, depends on the accuracy
of the depths, slopes and curvatures found from the “Plus” values.
Probably the best general rule is first to interpret by the fast “Plus-Minus”
method and then to interpret onlyinterestingor
apparently ambiguous stretches
by a more precise but also, of necessity, more laborious method. An oil geologist
is not interested in flat or m”not”nously
dipping layers, but only in locations
where changes occur as culminations,
faults or pinch-outs. In the search for
“res a geologist may not even be interested in accurate depths but more in
velocity changes in a refractor. As in all exploration work, the method must be
suited to the problem and unnecessary work and costs should be avoided.
There is, of course, no justification
for using very precise methods when the
interpretation
is quite uncertain anyway owing to undetectable ambiguities.
If the velocities of the overlying layers cannot be determined exactly enough,
as in the examples of figure 4 and 5, a precise interpretation,
for example by
Thornburgh’s
wavefront method, would tend to foster a false belief in the xc”racy of the interpretations.
For the interpretation
of shallow refraction sections with a large velocity
contrast, as is the case on Rilliton, the “Plus-Minus”
method is quite adequate.
Another important
application
of the “Plus-Minus”
method is its use in
determining weathering corrections. In nearly all seismic work a surface layer
is encountered with very low velocities because it is weathered or aerated.
Variations in velocity and thickness of this surface layer have a large and
confusing effect on the time values measured at the surface, because of its
relatively wxy low velocity, sometimes as low as the sound velocity in air or
even lower.
An example of a weathering problem is presented in figure 1”. The problem
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is to correct for the low velocity top layer, which means that the arrival times
from a deep layer must be corrected to the values that would correspond to the
situation where this top layer had the same velocity as the underlying layer.
This also means that we do not necessarily have to determine the actual
thicknesses of the top layer.
A shot from A in figure 10 1 provides first arrivals from the second layer
from P to P’ and a shot from R provides first arrivals from Q to Q’. The “Plus”
values from p to Q will provide relative measures of the delays due to the top
layer.
Figure 10 11 shows the wavefronts from a symmetrical
pair of shotpoints
which are far enough away to both sides to provide first arrivals from the
deepest layer at the surface from P to Q, If the top layer had the same velocity
as the underlying layer, the wavefronts would travel up to the surface as the
interrupted
lines drawn in this top layer. The “Plus” method applied to the
arrival times of these hypothetical
wavefronts would give the actual horizontal
boundary between the second and the third layer. The “Plus” values at the
surface would have been multiplied
by a factor k which only depends on the
velocities in the two lower media.
The “Plus” values from the actual arrival times through the top layer,
multiplied by this same factor k, would give the lowest horizon drawn in figure
IO 11.The thicknesses of the low velocity top layer are seen to have a magnified,
corresponding effect on the interpretation
of the depths of the deeper layer.
This error introduced by the top layer can be corrected for by subtracting
from the actual “Plus” values found in figure 10 11 a certain fraction of the
corresponding “Plus” values found in figure IO 1. This fraction C depends on
all three velocities and for the case of horizontal boundaries its value can be
derived in a manner analoguous to the derivation of k in figure 6:

c= !:W--K

- 1;1/v; -r/v;
1p;v:-YjFj

By subtracting C times the “Plus” values obtained in figure 10 * from the
“Plus” values obtained in figure 10 II and then multiplying
by k, depths are
obtained that coincide closely with the actual depths. The uncorrected depth
points of the lowest horizon in figure IO II have been raised up the lengths of
the arrows to the small circles that very nearly lie on the actual horizontal
interface.
This very simply way of correcting, which is still actually only approximative, is surprisingly
effective and is complete enough in nearly all practical
cases where a weathering correction has to be applied. As can be seen in the
example of figure JO the errors due to the approximations
made tend to cancel
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out to a large extent because the wavefront pattern in the top layer is nearly
identical in figure IO 1 and 10 11.
The velocities in the different layers must, of course, be determined if we are
to be able to calculate C. In most cases the velocity in the top layer is the most
difficult to determine because it usunlly varies so widely. Luckily, C is fairly
insensitive to variations
in this first velocity. In the case of figure 10 the
velocities V,, V, and V, have been chosen in the proportions
I to 3 to 6.
The value of C, in this particular
case, varies proportionally
only about one
third of a corresponding variation in V, and is even less sensitive to variations
in V, and V,. In actual practice C can quite often be determined sufficiently
accurately, without assuming values for the velocities, by trial and error which
will rapidly show which value of C has the best smoothing effect on a number
of rather large weathering delays. The end justifies the means!
In figure II the wavcfront interpretation
of an actual practical example is
shown. But this wavefront interpretation
can bt: rejected as being too laborious
and finicky, considering the uncertainty
of the velocities in the overburden
as was shown in fig. 5.
The weathering corrections in the example of figure II were found by computing the “Plus” values between adjacent shotpoints and multiplying
them
by 0.4. The arrival times from A,C and E (from G to I only) were then combined
to give a mean arrival time from E at each geophone station. These values
were corrected for the weathering and plotted as the dot-dash line from E
In the same way the travel times from I, K and M were combined in the dotdash line from I. The “Plus” values of these two sets of travel times were then
multiplied by a factor k equal to 0.8 m?ns. These depths were plotted in the
“section” of figure II as the lower row of small circles that coincide fairly
closely with the lowest horizon found by Thornburgh’s
wavefront construction,
carried out with the same corrected travel times. Again a better fit with the
drilling evidence is obtained by using “Plus” values that are 20 ms smaller:
the intermediate row of small circles in the “section” of figure II and also the
line of circles in the section at the top of the drawing, marked “Plus”. It is
clear that, in this case, the interpretation
by the “Plus” method is as reliable
as the more laborious wavefront method.
The graphs marked “Minus short” in figure II show the “Minus”
graphs
referring to the overburden.
The “Minus”
graphs from adjacent shotpoints,
“E-F”, “F-G”, “G-H” and “H-I”,
show a quite consistent velocity of 1.6
m/ms. From E to G the refractor is deep enough for the “Minus”
values from
these two shotpoints still to refer to the overburden in the middle region.
This “Minus”
graph, marked “E-G”,
surprisingly
shows a clearly lower
velocity of 1.5 m/ms. This fact was also observed on other sections where the
refractor is deep enough. It must be due to the intermediate layer with a lower

velocity and, conversily, this observation
could be an indication
that a low
velocity layer is present.
All the “Minus” graphs in figure II were obtained from the actually measured,
uncorrected travel times. It is obvious that any effects of weathering differences
are fully eliminated
by the simple procedure of subtracting
pairs of trawl
times to each geophone. This is the reason why, in the case of earn fairly small
weathering variations, the “Minus” graphs will result in much morn accurate
velocity determinations
of shallow layers than the graphs of travel time
against distance. In figure II the lines of equal time, in the “llinus”
graphs
and in the “travel time” graph, have all been drawn at intcrvnls of IO ms.
The fairly large weathering differences between 1: and G, for example, are no
longer apparent in the “Minus-short”
graph “F-G”.
The “Minus long” graph in figure II refers to the velocities in the refractor,
the basement layers. The upper line of open circles, connected by unbroken
lines, was obtained by subtracting
the travel times from C and I to the geophones from E to G and subtracting the travel times from E and K to the geephones from G to I. These two rows of values were tied together with the two
sets of “Minus”
values obtained at the two geophones adjacent to G, from the
pair of,.shots from C and I and from the pair of shots from E and K. This was
possible because the first spread of geophones extended from the geophone
before E to the geophone beyond G and the second spread extended from the
geophone before G to the geophone beyond I. This practice of working with
one or two overlapping
geophone stations on successive spreads makes it
possible to tie together time-distance
curves, “Plus” sections, and “Minus”
graphs from spread to spread. By this procedure differences in depths and
locations of shallow charges of explosive used at the szamc shotpoint can bc
accounted for easily and efficiently.
The lower line of open circles connected by unbroken lines in the “Minus
long” graph of figure II was obtained in a similar manner. This “Minus”
curve was derived from the pair of shots from .4 and K and from the pair of
shots from C and M.
The upper curve in the “Minus long” graph of figure II was consequently
derived from pairs of shots spaced at 3 x 140 m. and the lower curve from pairs
of shots spaced at 5 x qp I& : the distances from shotpoint to geophonc were
rdo to 280 m. and 280 to 420 m. respectively. Both “Minus long” curves refer
to the refractor. They both show a marked change in velocity from about
5 to 3.5 mjms just to the left to the elevated feature on the depth sections,
about midway between F and G. The sharpness of this velocity transition is
accentuated more strongly by correcting the ‘Minus”
curves for the slope
of the “Minus” lines. In the section marked “Plus” in figure I I the perpendiculars to the boundary have been drawn irom the geophone stations at the surface
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to the boundary found by tlw “Plus” method. The “Minus” points were then
shifted the wrrrsponding
distance along the sloping lines of equal time, as is
shown I~!- the tlottrd lines for one particular geophone. This results in the two
rows of black dots conncctcd by interrupted
lines. The “Minus”
curves are
somewhnt smoothed by this procedure and the change in velocity is shown
to be much more abrupt thxn would appear from the uncorrected graphs.
From E to this velocity change the two “Minus” curves in the graph marked
‘Xinus long” in figure II have clearly different slopes corresponding to velocities of about 4.6 m/nrs and 5.6 m/ms. Beyond that point to the end of the
section at I the differences in the two velocities is quite small. This means that
the basement on the left hand sids of the velocity transition
not only has a
markedly higher velocity but also an appreciable increase of velocity with
depth. Such n combined set of inlormations
may lead to a clearer deduction
of the nature or the composition of the basement.
It is clear that the interpretation
of the section of figure II could have been
carried out without the information
from the long shots from A and K to the
spread EG and from C and M to the spread GI. This would mean that some
explosives and operating time could be saved. On the other hand, these shots
provide additional data on the refractor and-may be indispensable when the
refractor is more than about 23 m. deep, which cannot be foreseen. For a
routine operation on Hilliton to investigate the basement down to about 30 m.
depth, the practice of shooting from seven shotpoints into each spread, as
shown in figure II, would seem to be a quite adequate and advisable system.
The actual interpretation
could be carried out without drawing the travel
time graph as has been done in figure II. The “Minus”
graphs will indicate
quite clearly whether they refer to overburden or basement, so that the correct
data can also be used for the weathering corrections and for the interpretation
by the “Plus” m&hod and also for eventually correcting the “Minus” graphs.
COXLUSIOX

The foregoing considerations
and examples were worked out almost exclusively with the aid of wavefronts. The only ray used was a minimum trajectory between a pair of shotpoints, which trajectory was fairly loosely defined
as the tangential points of pairs of wavefronts from two points. Thispreference
of navefronts
over rays or trajectories is considered justified and desirable
because the wavefronts are more sharply defined and can be actually visualized
as dynamic physical realities, and because they lead to clear pictures on which
to base interpretations.
To be able to draw a my from a point at the surface of a section its direction
must first be determined, which usually means that a time-distance graph must

be drawn, corrected for weathering and elevatior,, in order to find apparent
velocities. This procedure involves drawing a smooth curve or straight line
segments through series of time-distance points, so that a certain amount of
smoothing is carried out before the actual interpretation.
A wavefront, on the
other hand, can be worked back, reconstructed, by drawing wavefronts around
the geophones as centres and then drawing the envelopes to corresponding
wavefronts. This can be carried out from the actual gcophone locations and
with arrival times corrected only for weathering. The drawing of the envelopes
then constitutes the smoothing process, but this is carried out at the actual
location of the required boundary where features on the two sets of envelopes,
the wavefronts,
should coincide.
It is surprising that this attractive wavefront method, already conceived by
Thornburgh
in ~930, has almost been forgotten. The Russians worked out this
same method and published it (Riznichenko,
1946) in a more complete form
than in Thornburgh’s
first and only publication.
However, the full credit for
the brilliant idea of the wavefront method is due to Thornburgh alone. I am very
pleased to have this opportunity
for publishing the basic idea of his method
once more in this article, with the quite valid excuse that it is needed as a
stepping stone to the “Plus-Minus”
method.
No interpretational
method is perfect. One of the essential restrictions of all
refraction interpretations
is that they are two-dimensional.
This statement
may seem absurd to investigators
who use, for example, the procedure of arc
shooting, but they use the extremely sweeping and often unacceptable ipproximation that both the overburden and the refractor have velocities that do not
vary in horizontal directions. A fairly slight variation in the refractor velocity
will have a strongly magnified effect on the interpretation
because of the
necessarily long distances through the refractor which are needed to obtain
first arrivals from it.
This difficulty
of varying refractor velocities is overcome in Thornburgh’s
wavefront method by rcalizing and using the simple, selfevident fact that all
points of the minimum trajectory between two shotpoints are points where the
sum of the travel times from the two shotpoints is constant. This is a rigidly
true statement, but the source of errors is due to the fact that a minimum
trajectory does not necessarily run in the flat vertical section through the two
shotpoints. In most practical cases the errors incurred due to the minimum
trajectory not running in the vertical section will be comparable to the very
similar errors due to the minimum trajectory
running at some depth below
the refractor surface, because of an increase of velocity with depth as in figure 2,
or due to elevated features of the refractor. Considerable errors can only be
expected when major features, for example faults or velocity transitions
in
in the basement, run obliquely at small angels to the section.
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As has been henvily stressed already, it is essentially impossible to find the
true velocity distribution
from refraction data alone; usually only a fairly
rough approximation
to the overburden velocity can be found In most cases
well velocity data only become available after a seismic investigation
has
pinpointed the location to be drilled. An exception is very shallow work such
as on Billiton
where drilling is relatively
cheap.
It is necessary to be aware of the many pitfalls in refraction work, on the
one hand to avoid as many as possible and on the other hand to be able to
regard an, interpretation
with the right amount of scepticism. Probably the
best way to quaint
oneself with the result of different difficult situations is to
construct the wnvcfront pattern in hypothetical
examples and then work them
back by different methods from the arrival times at the surface.
The approximntive
“Plus-Minus”
method follows logically front Thornburgh’s
wavcfront method. The degree of approximation
is actually only relatively
higher because the wavefront method and any other method also contain
approximativr
assumptions.
The “Plus” method actually determines the intercept time at every geophone,
which is certainly not a now1 interpretation
method, though quite often much
too complicated procedures have been followed to find these intercept times,
because it was not realized that they can be obtained, without any assumptions
on the refractor velocity, simply by adding the travel times from two symmetrical shotpoints and then subtracting the total travel time lrom shotpoint
to shotpoint.
The “Ilinus”
graphs can give very accurate pictures of the velocity variations in shallow refractors and in the consolidatedlayer
underneath a wcathcrcd
surface layer. Tile simple procedure of subtraction
in most cnscs just about
completely eliminates all confusing influences of a weathered layer. This is
the great power of the “Minus”
method. Where the weathering corrections
on reflection spreads are derived from Iirst arrivals, it is ~rlways possible to
produce “Minus” graphs with hardly any extra effort. These “Nim~s” graphs,
tied in from spread to spread, can give valuable information
on the variations
in the constitution
of the shallow layers concealed under the vcgatationaind
a \vcathercd zone. This can be a very cheap way of contributing
to a knowledge
of the surface geology, for example, in swampy tropical areas. The graphs of
the actual “Minus” v;rlues, plotted on sloping lines of equal time and tied together from spread to spread , give the best pictures of the velocity variations,
much better than the mean velocities on each spread.
One great advantage of refraction work over rcflcction work is that the
mcasuremcnts contain evidence on the nature of a basement. Reflection
measurements can give fairly accurate depths of ;L number of layers down
to a basement, but the velocity in the basement cannot be obtained. Refraction

measurements contain this information,
as was shown in the practical case of
figure II, if a system of shooting from both sides, from symmetrical shotpoints,
is followed. They can also give the velocities and depths of intermediate layers
if these layers provide first arrivals at some distance interval from the shotpoints. The shotpoints must then be chosen at even shorter distance intervals
to be able to tie together these first arrivals so that an uninterrupted
row of
symmetrical travel times can be obtained from the intermediate
layer. From
these results a wavefront interpretation
of all layers can be obtained in successive steps, or a “Plus” interpretation
of the depths can be carried out and a
continuous “Minus” graph drawn for each layer.
The difference in the amount of work involved in carrying out a precise
wavefront interpretation
or in using the simple “Plus-Minus”
method is rather
large. The choice between the two depends on the required accuracy and on the
unavoidable,
limiting
uncertainties.
If the investigation
is regional, with
seismometers spaced at intervals not many times smaller than the depths to a
refractor, then the “Plus-Minus”
method will usually give sufficiently
accurate
results. This can be the case for any depth of the refractor, from the shallow
investigations
for ores, foundations,
etc., to the deep oil-bearing
basins.
Moreover, the shallow layers are usually the more inhomogeneous so that more
accurate and detailed profiles of shallow layers can hardly ever be obtained
by more precise interpretations
than the “Plus-Minus”
method.
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